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PREFACE. 



y^er^ 



THE . powers of the mind, like those of the body, 
are increased by frequent exertion; application 
and industry supply the place of genius and invention ; 
said eren the creative faodty itselfmay be strengthened 
-and improved by ute and perseverance. Unc^tivated 
nature is uniformly rude and imbecile, it being by 
imitation alone that we at first ' acquire knowledge^ 
and the meims of extending its bounds. A just and 
perfect' acquaintance with the simple elements of 
science, is a necessary step towards our future progress 
and advancement; and thi^ assbted by laborious ioh 
vestigation and habitual inquiry, will constimtly lead to 
eniinence and perfection. 

Books of rudiments, therefore, condsely written, 
well ctigested, and methodically arranged, are treasures 
of inestimable value ; and too many attempts cannot 
be made to render them perfect and complete. When 
the first principles of any art or science are firmly 
^xed and rooted in the mmd, their application soon 
becomes easy, pleasant, and obvious ; the understand- 
ing is delighted and enlarged ; we conceive dearly-, 
reason distinctly, ahd form just and satisfactory con- 
clusions. But, on the contrary, when the mind, in- 
stead of reposing on the stability of truth and received 
principles, is wandering in doubt and uncertainty, 
our ideas will necessarily be confused and obscure; 
and every step we take must be attended with fresh 
difficulties and endless perplexity. 

That the grounds, or fundamental parts, of every 
science, are dull and unentertaining, is a complaint 
universally made, and a truth not to be denied ; but, 
then, what is obtained with <£fiiculty is usually remem 
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bered with ease i and whaf is purchased with pain is 
possessed with pleasure. The seeds ot knowle^e art 
sown in every soil, but it is by proper culture alone 
that the? are cherished and brought to maturkf . A few 
years of early and assiduous application never fidls to 
procure us the reward of our industry ; and who is 
there) who knows the pleasures and advantM;es which 
She sciences afford^ that would think his time*^ mis- 
pent> or his labours useless ? Riches and honours are 
the gifts of fortune) casually bestowed^ or hereditarily 
Teceiyed) atid are frequently abused by their possessors ; 
but the superiority of wisdom and knowledge is a pre- 
eminence of merit) which originates'-with the man, and 
is the noblest of all distinctions. 

Nature) bountiful and wi^ in allthingS) has pro- 
vided us with an infinite variety of scenes, both br 
our instruction and entertainment; and) like a kmd 
and indulgent parent) adnuts all her children to an 
equal participation of her blessings. But, as the 
modes, situations, and circumstances of life are va- 
rious, so accident) habit) and education) have each 
their predominating influence) and give to every mind 
its parQcular bias. Where examples of excellence 
are wanting) xhe attempts tq attain it are but few ; 
but eminence excites attendon, and produces imitar 
tion. To raise the curiosity, and to awaken the listless 
and dormant pollers of younger minds, we have only 
to point out to them a valuable acquisition, and the 
means of obtaining it. The active principles are im- 
mediately put into motion, and the certainty of the 
conquest is ensured from a determination to conquer. 

But) of ail the sciences which serve to call forth this 
spirit of enterprise and inquiry, there are none more 
eminently useful than the Mathematics. By an early 
attachment to these 'elegant and sublime studies, wqb 
acquire a habit of reasoning) and an elevation of 
thought, which fixes the mind, and prepares it for 
every other pursuit. From a ky^ simple axiomsj and 
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evident principles^ we proceed gradually to the Most 
general propositions, and remote analogies : deduting 
one truth from another, in a chain of argument well 
connected and lo^caliy pursued ; which brings us at 
last in the most satisfactory manner, to the conclusion, 
and serves as a general direction in ail our inquiries 
after truth. 

And it is not only in this respect that mathematical 
learning is so highly valuable ; it is, likewise, equally 
estimable for its practical utility. Almost all the 
-works of art, and devices of man, have a dependence 
upon its principles, and are indebted to it for their 
ori'^in and perfection. The cultivaticm of these ad« 
Hiirable sciences is, therefore, a. thing of the utmost 
importance, and ought to be considered as a principal 
part of every liberal and welln^gulated plan of educa- 
tion. They are the guide of our youth, the perfection 
of our reason, and the foundation of every great and 
noble undeitaking. 

From these considerations, I have been induced to 
undertake an introductory course of mathematical 
science ; and, from the kind encouragement which I 
.have, hitherto received, am not without hopes of a con- 
tinuance of the same candour and approbation. Con- 
siderable practice as a teacher, and a long attention to 
the difficulties and obstructions which retard the pro- 
gress of learners in general, have enabled mt to ac- 
commodate myself the more easily to their capacities 
and understandings. And as an estrnest desire of pro- 
moting and diffusing useful knowledge is the chief 
motive for this undertaking, so no' pains or attention 
shall be wanting to make it as complete and perfect as 
possible. 

The subject of the present performtoce is Alob- 
BBA ; which is one of the most important and useful 
branches of those sciences, and may be justly consider- 
ed as the key to all the rest. ^ Geometry delights us by 
the simplicity erf its principles, and (he dleganceof its 
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demonstrati^iRS. Arithmetic b con&ieil in its object, 
and partisd in its application: but Algebra, or the. 
analytic art, is general and comprehensive, and may 
be applied with success in all cases where truth is to be 
obtained and pix^rdatacan be established. 

To trace this science to its birth, and to point out 
the various alterations and improvements it lias un- 
dergone in its progress, would far exceed the limits 
of a preface. It \nll be sufficient to observe that the 
invention is of the highest antiquity, and has chal- 
lenged the praise and admiration of all ages. Diom^ 
phanttis appears to have been the first, ttmong the an- 
cients, who applied it to the solution of indeterminate 
or unlimited problems ; but it is to the moderns that 
we are principally indebted for the most curious re- 
finements of the art, a^d its great and extensive use- 
fulness in every abstruse and difficult inquiry. JSTewton 
Mackmrm^ Sandcnofiy. ^mfiBOriy and Emerton^ are those 
of our own countrymen, who have particularly ex- 
oeOed in this respect ; and it is to their works. Uiat t. 
would refer the young student, as the patterns of ele* 
gance and perfection. 

The following compendium is formed entirely upon 
the model of those writers, and is intended as an use- 
ful and necessary introduction to them*. Almost every 
subject, which belongs to pure Algebra, is concisely 
and distinctly treated of: and no pains have been 
spared to make the whole as easy and intelligible as 
possible. A giteat number <^ elementary books .have 
sdready been written upon this subject.; but there are 
none, which I have yet seen, but what appear to me to 
be extremely defective. Besides being totally unfit for 
^e purpose of teaching, they are generally calculated 
to vitiate the taste^ and mislead the judgment. A 
jledipus and inelegant method prevails through the 
whole, so that the beauty of the science b generally 
destroyed by the clumsy and awkward manner in which 
it btr^ted} and the learnef) when he is afterwafda 
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introdttced to some of our best writers, is obliged to 
unlearn andfisrget every thing which he has been at so 
much pains in acquiring. 

It is in the sciences as in every branch of polite 
literature ; there is a certain taste and elegance which 
is only to be obtained from the best authors, and a 
judicious use of their instructions. To direct the stu- 
dent in his choice of books, and to prepare him pro- 
perly for the advantagejs he may receive from them, 
is, therefore,* the business of every writer who engages 
in the humble, but useful task of a preliminary tutor. 
This information I have been careful to give, in every 
part of the present performance, where it appeared 
to be in the least necessary ; and, though the nature 
and confined limits of my plan admitted not of diffuse 
observations, or a formal enumeration of particulars, 
it is presumed nothing of real use and importance has 
been omitted. My principal object was to consult the 
ease, satis&ction, and accommodation of the learner i 
and the &vourable reception the work has met with 
from tihe public, has induced me to give this edition an 
aittentive and careful revisal. 
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ALGEBRA. 



DEFINITIONSr 

ALGEBRA U the art of conpntiiig hj iym- 
bol8. 

I. Uh fiumthht are thofe wbicb cosfift of the bmt 
letters. '* 

3. UnRh qtuMikui are thofe. which confift of differ- 
' eat letters. 

3* Givm ptamtitiii lure thofe vhofe valnet are 

falOWD. ^ 

4* oKmowm qumuitUs are thofe vhofe valttcs are 
ttnkoown. 

5* Simfk fmrntiiks are thofe which confift of one 
term only. i^ . -. C - -- 

6. Compound qtuMiiiui are thofe which confift of/ie- 
vera! terms. 

7. Fofitivi or affhrmoHve qwmtiiUs are thofe which 
are to be added. 

8. Ntgoiivf qwutikiei ate tho£b which are to be fab- 
traded. 

9.' LUte Jigns are all affirmative (+)9 or all nega« 
tive (— ). 

10. UtWdi tigus are when feme are affirmative . (4*} 
and others negative (— ). 

II. Tbe co-^Uttt of anjr, quantity; is the number 
prefixed to it. 



2 EXPLANATION OF 

12. A htnomial quantity^ is one conliAing of two 
terms \ a trinomial o§ three terms ; a quadrinofmal of 
four, &c. 

13' A refidual quantity is a binomial where one of 
the terms is negative. 

14.. The po^ver rf a quantity is its fcfQare, cabe, bi- 
^uadrate. Sec. 

!$• The indfx or fxponcnt of a quantity is the namber 
which denotes its root or power* 

16. A turd or irrational quantity f is that which has no 
ex2L€t root, 

17.^ A rational quantity is that which has no radical 
fign (^) or index annexed to it. 

18. ne recipr&eai of any ({(umtitjr i% 'that ^^fiaodjCj 
inverted, or unity divided by it* 



EXPLANATION OF THE CHARACTERS* 

+ Is the fign of addition. 
— • 4>f fubtra^fon. 

X of multiplication. ' 

of dtvifioiiy ., 
of proportion. 
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v^ — ^' of the fquare root. 

v^ ■ of the cube root, 

s= r- , of equality. 

Thus, a+i (hews that the number reprefented by I 
is to be added to that reprefented by a, 

a— ^ (hews thai the number reprefented by ^ is to be 
fubtra^ed from that reprefented by n . 

a^B reprefents the diffsxence of a and B when it is 
not known which is the greateft. 

ai, or ax5f or a.dy denotes the prod udl of the num- 
bers reprefented by a and h 
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a^f or p fiiew$ that the Aonbor reprefented by m 

is to*be difided by that reprefented by h. 

a I h II c \ d denotes that a it in the fame 
proportion to 5 as c is to d. 

xsxO'^^c is an eqnationt (hewing that x i& e^nal 

to the di£Ference of a and t, added to the quantity c. 
1 I 

^Of or a*^, is the f<)aare root of a; ^a^ or a^, h 

tb^ cube > root of a ; and a* is the nth root of a. 

(^ is the fquare of a ; 4^ the cnbe of a ; a^ the fimrth 
power of a; and a^ the mth power of a. 

J h the reciprocal of — , and — the reciprocal of a, 

a«f ^xcs or (4f+3)r is the prodn^ of the compoond 
qoaotity a+h mujtiplied by the fimple quantity f . 

0+6 I a ^, or {a+W-T-(iP-7Ai> or —5; is the qno- 

tieat of a-4-3 divided by a— 5. 

^ab-^-cdor {ak+cd)* is the fq^iare root of the com- 
Pwndquantityvai+r</. 

o4.*.-^j^oi- {a+b-^Y is the-cube, or jiiird power, 
of the quantity a^i^^. 

5a denotes that the quantity a is to be taken 5 times* 
and 7(6+c)ri».7 times h+e ,, . 

It isalfo to be rcanarked .'that the (ign + W generally 
expreffed by. the W0fd//«/, pxmorct and the fign — , by 
•««6 or /«/. 

And in ihe^computationt of problems* ir muft be 
oMervcd, thJit ibe JJrft Jetters of the alphabet are ufoally 
P^t for kno^ jq^ftmUies> ^n4. the la(^ for thpfc which 
're unknown*. 
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ADDITION. 

CASE I. 
To adJ quantities wbub are Rke% ami have Bke sipu^ 

Add all the co-efficientt togetber* and to their fiim 
adjoin the letters common to each term» prefixing the 
common fign. 



SXAMPLBi.* 



5* 

19 a 

2 a 



3J« 
3> 



— 3to 

—7 bx 



-^ 



*ar 



3x«+^xf 

7xs^.8wrf 
x*-f jrjr 



2ijf i7JP'+i9-«y 



> 8 bxf^ 
3**f 

7(MP— 4^ 



6ar— 2jf 

4«^ay 

2itr — 2/ 
27ax-^i4f 



•»*■ 



• Wh^ a leading qaaalky liat ao tgir befbfe k» ^+ is 
aaderftood; lad a quantity withovt ia|; et-cficNBt ipcefiaed 
ii iiijppQfed 10 (unre I or aaitf • 



Co fc 



ADDITrOlf. 



61^ 


-ly 


Sa—^h 


15 xy 


-sy 


T a — 6 b 


ticy 


-7/ 


^a—ii 


7*r 


->• 


2 a—SB 


'ey 


— 6y 


6fl— ^b 


*7 


-/ 


Sa—2b 



• 20—1 5xt — 2 #fy 7 yjf — $x +sab 

18— I2*T— 5 xy 2 «ry— 5X+2 a5 

12 — 14*7 — 8 xy 2 xy — 4x4*8 ab 

10-^28m^ — 2 xy 5 xy — $x+ ab 
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CASE 11; 
9*9 adJ quatttitiei which are Hke^ biU have umMeJignt. 

R U L S. 

i« Add sdl the affirmatm co^icfficientt into onefmn, 
and all the negative ones into another. 

^. Subtra^ the leaft of theie fams from the greateft^ 
and to the difference prefix the fign of the peateft, with 
the. comnion quantity. 



* Quantities, haTtng fradional or other exponents, «re to W 
coBiideredy in all relpeds, as if^ey were cxprefled by a iinglc 
letter. 
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—i* 


+Sax* 


+ 6 Mi+9, 


+7« 


+1^ 


— S»*+77 


+8. 


-s«* 


—IS .J+8y 


— a 


— 4«t* 


+ ««»— ar 


— 2 4f 


+4«»* 


+ «'-j 



+94f +I2«»* — yaf'+ip^ 



— 2tf* 


+ 8«y 


— 3«»+ 7 


riJ 


+ 6*y 


4^«i— lO 


— ro*>» 


+3««-6 


+ioa 


— 2o *y 


— «*+ 3 


+»3«* 


- *v» 


— 2«^II 



+s Mj —2 xy ~i4 #*+ jx 

+7 xf +4*y + 8 «»+ ^ 



-p-3<f«« .^ 6i^ax '^If — 3«* 

+7«* +iO\i^ax +5Jf+ 3^^ 



r 



ADDITION. 



CASE IIL, 



T9 add quantities wbkb are wdiie and have unlike ^gns. 



RUL1« 



Colledt all the like quantities together by the laft rulet 
and fet down thofe that aire onltke, one after another, 
with their prop^ figos. . 
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^ax 
—xy 

— J^X 

4*r 



2Xf — IOJC* 



2ax — JSo+zaci 
$x*+2af+6x* 

4*r— 3*"^ +50 
^x+ 100—5** 

I im 



/ • 



6x*y* 
— 2aMy 



1 2xa — x^ 
4ax+xy 



6-|-20iv/<fM'«— Jf 

fr- 2i/ax — 3jf 
20+ 3 -/ax— 3^ 



}0'^mmmmm 



3^V. 

-— 2«Jf* 



2i/x — 8y 
3//xy-(-iox 
2x4* i/j^+jr 



j» — 8+«?*— 2 

a -:— lO+tf* — X 

10— tf— x**— j^ 



•«•■ 
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SUBTRACTION. 



RULl. 



Change the figM of all the quantities Co be fubtradeidy 
i>T conceive them to be changed^ and then colled the 
different terms together as in additiom 



EZAMPLIS. 






— jcy+ 8 y* +jr+ i kjj— 7X+3 — -ff/ 

4»f — 16 y* — 2jr-^2 — ij — M — 4^y+4ay. 



•-i*"**— ■— i— ■— • •■»« 



5»*y— 8 4\/xj' — x-^sry 5:p»+ yai— 8— ^J 
— 3*V+ ' a\/^j'+ 2-l".xjr ^1^*—- 104.43 X* 



atmm^^^ ^HMMiaMaaB^aaAMaB^H 



^■■P" 









^y—30 



4*'— 3(«+^) *fjr5 + ioaiv/(*^+io) 
3x' — 8.(^+3) xV '+'2^V^(*iy+*0> 



mmm'mmmm0mm^'»m4. 
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mtJLtiplication. 

CASE L 
\ When both the faSort are Jimple quaniitiet, 

RULE. 

f Multiply the coefficients of the two terms together, 
and to the product affix all the letters in thofe terms, 
and. the refult will be the whole produft required. 
Note'*, Liike llgns produce -fy and uolike figns— • 

EXAMPLES. 

J 2a — 2a ^a —9^7 

33 +4^ — 6x — 53 



'^6ab — %ab — ^Oax +/^^hx ^ 



Jab Sa*x "-x^y ^J:x:y 
— $ac sx jy>* — xy 



i. 


* > . ■ - 
— $ax |— tf j: 

3^ W73 


x^^ 

—3 


'\-'jX^X^ 

—jxyx 
'—Sax 










1 


^ax x^y* 


•¥2ax 


I yx^y^ 
2ax^ 












- 







* That tilce figns mike -|-, and vnlike iigns — , in the produ&i 
may be fliewn thus : 

xft. When +4t'»to\K muhiplied by ^b : this impUci that -|- « 

is 
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lo MULTIPLICATION. 

m 

CASE II. 

fFhen one ofthefoSort u a eompoimJ quantity* 

Find the produ(fts of the multiplier and every term 
of the multiplicand, feparatel^t and g)ace them one after 
another, with the proper fignsi and the refolt will be the 
whole produdt required. 



44 — 2b 
3^ 


EZAMPLES. 

6r)'— 8 
2X 


^2 2X+6 


1 2a^—^6ab 


I2x^y — i6x 

X 


a^xy — 2j^y'¥6ry 


1 ^x — al 
iza 


xy 


1 


2xy 


1 2jr2 — j^yn 


2y- — 8x* — IX 


» 


• 











is to be taken as many times as there are units in h ; and, fince the 
fum uf any number of affirmative terms is affirmatire, it is plain 
that ( +a NT ( + A)— + a^. 

1. If two quantities are to be multiplied together, the refult 
will be exadly the fame, in whatever order 3iey ire placed ; 
for a times h is the fame as h times a : and, therefore, 

when 



MULTIPLICATION. 



It 



CASE IIL 

When both tbefaSort are eomptmnd quan^ies* 



RULE. 



Muhipljr every term of the multiplier into every term 
of the moitiplicand refpedtively, and fet down the pro- 
duAs one after another with their proper rign$, and 
their fam will be the whole produdt required. 



x:+y 


ix — 2jr 


t%J^xy^^ 
x—y 


x^+xy 

+^y+y^ ' 


X^x^'^'izxy 

— \Oxy — 8jr2 

15c2 + 2:ry — 8y2 

x^J^y 
x^J^y 

J7^+2JJP2+J^2 


x^+x^y — xy2 

—j^y-<^y^+y^ 


x^+2xy+y2 


x^ * — ixy'^+y^ 


^+y 

x—y 


x^-^xy+y^ 

X y 


x^+xy 


x^+xy+xy2 
— X^y — xy^'^y^ 


jC% ♦—^2 


^ • * ^y3 







when — a is to be multiplied by -f ^* or +6 by — «, this is the 
fame, as taking — a as many times as there are uiits in +^; and 
iince the fum of any number of negative terms is negative, it is 
•vident diat (—a) X ( + 6) fft (+^) X , — «;«— a^. 

3. When— ^ is to be multiplied by — ^; Her« a — ^mk^^ 
therefore («— a) x — ^ i* alfo ==«, becaufe multiplied by any 
9iuaitAty produces ; and fiace the Mrfi term of the produ<ft, or 
a X ( — ^), is,, by cafe », ^—a6, the laft term, or ( — a) X (— ^), 

muft be ssB-f^* in order to ofiake the fum (— 4^4"''^)''^ ^^'^* 
iequently {r^) X (—*;—+«*. 



12 MULTIPLICATION. 



EXAMPLES FOB. PRACTICE. 



I» Moltiply I2JX bj 3«. Anf. Tfia^x. 

2. Multiply 4r« — 2y by 2y, Anf. 8x^jf — j^. 

3. Multiply 2Jr-f.4)p by 2a: — ^4jr. AnJ, \a^ — \6f-. 

4. Multiply JC^— xy+jr2 by Xi^-jr. ^>j/I a^+jr'. 

5. Multiply ar^+x2^+.xy«4-jF3 by x-^y, Anf, x* — -j^*. 

6. Multiply x2+:>^^-hy2 by ;t'3«..^j,^j^. 

7. Multiply 3jc« — ^^J'+S byx2+2Jry— 3 

8. Multiply 2i»« — $ax+^ by 5<i2 — 6^0; — zjt* 

• 9. Multiply 3x5 -J- 2x5^+3^' ^y zx^ — S^c^y+S^^- 



DIVISION. , 

CASE L 

* 

U^hen the dMfor is aJimpU quantity* 

RULE, 

1. Place the dividend above a fmall right line, an^ 
the divifor under it^ in the manner of a vulgar fradibn. 

2. Expunge thofe letters which are common to both 
the dividend and divifor, and divide the co-efficients of 
all the terms by aDy|number that will divide them with* 
out a ren^ainder, and the refult will be the quotient re- 
quired. 

NoU^* Like figns make 4-, and unlike figns — , the 
fame as in multipucaiion. 



^ That like figns give +, and nnUke figns — in the quotieat 
will appeal thus : 

1 he divifor multiplied Sy the ^etient moft prodnce the diyideu^ ; 
therefore 

I. When 



DIVISION. IS 

tXAMPLSt. 

I. It is required to find the quotient of a^fra^ 

a. It IS required lo find the qtiotient of I2:rf^6x« ; 
tad (ai+^)^2» 

3. DWide t%x^ by 9a?. Anf. zx. 

4. Divide lox^jr* by — 5jcay. -^n/ — 2/. 

5. DiTtde — 9*«c2^2 by ^x^. Anf — ay^ 
t DiHdc — «j^ by — a:p. i^«jC +4«. 

7. Divide 10 tf^+15 tftf by 5^1. Anf, 2^+3^^ 

8. Divide ^oax^-^^/^ by 6i yAi/^ 5^* — ?• 

9. Divide ioj::«jr — 1X^**^:5/ hy 5jr. 

^iF*/; 2ap«— J/— I. 

ID. Divide iSa^asp—iJifxShY t^uu 
u. Divide 30* — 15+^+3^ hy 3«« 

CASE II. 

IF2^ /i^^ dhifor and dividend are both eomp$und quantiti^i. 

EULt, 

1. Range the terms of both the qaantities accord- 
lag to the dimcnfions of feme letter in them, fo that 

the 



I. When both the terms are +, the qootient if + beca>ift 
( 4- ) X (+) produces more ia the dividend. 
j %• When they are both — , the quotient is alfo -f- becaufe 
I (+) X(-*) produces — in the diyidcnd. 

3. When one of them is + and the other — tht quotient is 
— ,bec««^C — )X(+) produces— in the dividend; and (—)X(—' 
I produces + io the dividend* 



1 

i 



DIVISION. 



the firft term may contain the higheft power of that ' 
letter, the fecond term, the next higheft power; and i 
(6 on. 

2. Divide the firft term of the dividend by the : 
firft term of the divifor, and place the refult in the 
quotJent. 

3. Multiply the whole divifor by the term thas founds j 
and fobtrad die refult from the diridend. 

4. To. this remainder bring down as many terms of \ 
the dividend as are requidte for the next operation, 
and divide as before ; and fo on, as ia common ariih* 
inctic. 

Note. If the divifor be not exadly contained in the 
dividend, the quantity which remains after the operatioQ 
is finilhed, maft be placed over the divifor, like a vulgar 
frjidion, and fet down at the end of the quotient, as ia 
conamoA arithmetic. 

IXAMPLXS. 

x»+ ay 






ax^+x^ 



DIVISION. ,5 



-3 )«'— 9*^+27*— 27(«2 —6^+9 



9flr— 27 
9^^27 



Jfl3 ifS^^-fjx+X* 

^3 ^j7 


















«« FltACnONS. 

KXAmLtt WW niACTtCI. 

1. Divide M*+2ax+^ by a+x. Jbf, «+.. 

a. Dmdetf»— 3tf2y+3«y«_^l,y.,,_y^ ^ 

4. Dmde &;4~96 by j*— 6 r t t^ . 

5. Divide «»— 5«**+i<>^*«— io<i»xS4^«rW 

f- j?-'.'f' 4f^--7<W-64*»x+io/a3 by 2X-3*. 
7. Dmde /_3,4^+3,,^_^ \^ f-ifx^V^ 

ALGEBRAIC FRACTIONS. 

PROBLEM I. 
T» ndmt a mixed fmmtUy to an improper fra^M. . 

KULS. 

frJ^kJo'^L*^' iK^'^^'X**' denominator of d.e 

the denominator being placed under tfai* fcni. wiU »»e 
the improper fradion required. ' *^ 



■XAMPLBS. 

I- I<t 3-r.andtf— i. be 






— ,an«a bft reduced to imptopcrl 

fraflions. ' ' k 



■■ , ■ e e^ -—./Inf. 



r 

I 

I FRACTIONS. 17 

2. Let x+— : andx be reduced to impro* 

'.ax 

per fradioQs. 

• r,r/l, *+^=l>if ±^=^f±^ tie ^n/'wer. 



•I! 



a a a 

. . a^ — y^ x^ — d^J^x^ tx^ — a^ j, r 

XX X 



■6 6 

^* 3. Reduce 8— to an improper fraAion. jfnf. — 

4* Reduce i^r-^ to an improper fraAion. j4n/l t 1^ 

a a 

5. Let X — ^^f±£. be reduced to an improt>er fraction. 

2a 

6. Let lo+ifZI^ be reduced to an improper frac-^ 

tion. 

7. Let a+lm^I— be reduced to an improper frac- 



*! 



tion. 

8. Let i+tx — fUl be reduced to an improper frac< 

5* ' 



uon. 



PROBLEM II. 
Vo reduce an imJ>roper /ration to a tvbok or mixed quantity. 

RULE. 

Divide the numerator by the denominator, for the in- 
tegral party and place the remait^^er, if any> over the 
dcnomioatort and it will be the mixed quantity required* 

C 



i« FRACTIONS. 

KXAUPI.K8. 

1. Let ilf tod^*^"*" be redoced to whole or mixed 

5 * 

qaantities. 

Fsrfi, ll=z 1 7-r5=:3f , tie Anfmer required. 
And ff±fi =:(i»*+a»)-J-*=-f+£-^ 

X X 

2. Let f— fL> and ^^^^ be redoced to whole or 

h a+jt 

mixed quantities. 

FirJ,J^tz£z:{ab^a^)'i'h=:a^^An/: 

And,;y±3t^{ay+2j^)M^+j)^y+jL. 



z. Let 1£. andl^^ be redaced to whole or mix- 

ed quantities. Anf, 4|. and 3^ — — ' 

4. Let i£J^ and ~-J" , be redaced to whole or mix. 

ed quantities. 

5. LetL-Z^yand ^^ '-^ be reduced to whole or m 

mixed quantities. 

6. Let 'y *"^? be reduced to a whole or mixed 

quantity. 

7. Let — "^ "^^* be reduced to a whole or 

' ^+x^ — 4«r — I \ 

mixed quantity. 



FRACTIONS. 19 

PROBLEM III. 

To reduce fraSlom of different denominators^ to others of the 
fame value ^ which fhall have a common denominator, 

RULE. 

Multiply every nuinerator, feparately, into all the de- 
nominators but its own> for the new numerators, and all 
the denominators together for the common denominator,* 

EXAMPLES. 

>. Reduce -. and — to fradliont of equal values 
b c 

that (hall have a common denominator. 

ay^ezzac x 



hy^ezzic 

\ h be -^ ^ 



> 



2. Reduce ^ £, and£ to equivalent fra^ions, bar- 
b c a 

^og a common denominator. 

aycXd:=:acd 
bxbxd^b-'d 

hycydzzbcd 

* acd b^d .cH J, ^, . , 

- — j^jiZna j^ffraatons requtred, 

bed bed bed 



* When the denonunatort have a common divifor, it will be M^ 
^i ioftead of multiplying by the whole denominators, to multiply 
Owy by thofe paru which arife from dividing by the common divij^or. 



20 FRACTIONS. 



3. Reduce — and -- to eqaiyaleot fradions, haying a 
« ' ^ ^ ^ lex jab 



Ant Z^ aad -- 
commoa denominator. ''* ac^^ ac 

4. Reduce -and ilt. to fraAioni, baTing a common 
denominator. •'' he be 

5. Reduce If » ^ » and d to fradiont havti^ a common 

denominator. ^* o3F* 6tf/ "35? 

6. Reduce 1, ^ and a-f — > ^^ fraA*ons, having a com* 

4 3 « ^ 

mon denominator. ^ 

^„/.2f-,!ff,andl£±t:!4f; 

7. Reducef^ ^ and flifli to fradions, having a com- 

? 3 ^+^ 

^on denominator. 

8. Reduce-^. ~9 and ^t to equivalent fradions, hav- 
iag a common denominator* 



PROBLEM IV. 

To find the greatefi common measure of a fraClhm. 

RULE.* * 

I. Range the qaantities according to the dimenfions 
of ^fome letters, as is (hewn in divifion. 

* The iimple divifors, in this rule, may be eafily foimd, by 
infpedion. 



FRACTIONS. 2K 

» 

2. DiVide the greater term bj the lefs, and the lad 
dirifor by the laft remainder, and fo on till nothing re- 
maios; and the divifor lad ufed will be the common 
raeafore required. 

Note. All the letters or figures which are common 
to each term of the divlfors, muft be thrown out of them 
before they are ufed in the operation. 



EXAMPLES. 

i!^|^o find the greateft common meafure of 
or c+x)ca^+a^x{a^ 



iknfore thegreaiefi common meafure is r+x. 



2. To find the greateft common meafure of 

x'^'\'2ha^'\'lfix 



-^ihjfi — 2i^x)x^+2Bx+B^ 
or X ^ B yx^+^Bx+5i[x-\'B 

x^+ hx ' 



hx-^-i^ 



C z 



» 



t^ 
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« 

Thertfire j?4*3 u tbegrtaiifl tommom Svisor. 

3. To find ihe greateft common dWifor of j 

x^ I i 

4. To find the greateft common div^r of 

5. To find the greateft common meafure of 

PROBLEM V. . 
To reduce a fronton to it 9 l^tmefi ttrms. i 

KULB. 

^^ • 

1 . Find the greateft common meafure, ai in the laft 
prdblem. 

2. Divide both the terms of the fraftion by the com- 
mon meafure thus found, and it will reduce it to its 
loweft terms as was required. 

tf 1 

f EXAMPLES. . ! 

I. Reduce ^^^i^— to its loweft teroM. \ 

rap+ara)«|2+<|3jp 

• I 

I 

Hen GX+oi^ u SvUid hy x which h common to each term* \ 



FRACTIONS. aj 

Tbcref9r9 c+x is tie greauft c^mmom meMtnn^ 
and c-^x y ^ •~^Bfra6H0n required. 

jps — B^jp 

3. Having ^+23jc+5» £*▼«»» «t is required to re- 
duce it to lis leaft terms. 

x*+26xr+^)x^~i~62x(x 

x^+2Bx^+E»x 



'Zhx^ — 2E»x)x*+2Bx+lf^ 

pr x+B)a^+2Bx+i»{x+B 
x*+ hx 



bx+B^ 
Bx+B* 



\ 






Therefore x+B is iBegreateft common messuret 

w . rx ^ — B^x x^ — Bx^ ^ , . . 

smd x+h ) -a -— = fi^^**^ reqmred. ^ 

%• RedHce-- — ~ — to its lowed terms. Ans,^ "^ ■ 

^ JC^— ^2jp3 , X^ * 

2. Reduce V"*^ to its loweft terms. jtns* — I — • 



Q^m^f^ 



♦ 



• Reduce to its loweft terms. 

Reduce Jf!±i2l!f±if!^ to iu loweft terms- 

^x+ta^x^-^tax^+x^ 
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PROBLEM VI. 

To add fraSioAal quantities together. 



RULE. 



^ 1 . Reduce the fradtons to a common denominator, 
as in problem the third. 

2. Add all the numefators together, and under their 
film write the common denominator, and it will give the 
film of the fra^ions required. 



EXAMPLES. 



I. Having - and - given, to find their Aim. 

XX2aB2X 



2X3=6 



a c ^ * • 

2. Having -, --, and ^^ given, to fiud thcfr fiim. 
D d f 

a%dy,f^f 
cy^hyj^chf 
ey,%%d:=r^bd 



bxdyif^bdf 



adf chf ehd^ adf^chf^ehd . 
hd/^hdrbd^ bdf ^ requirea. 



FRACTIONS. sj 

♦3. Let /?— . Iff and i+£5f be added together. 

^f w ^'"^^f I — numerator. 
jfndby^c^Btbc^at cwnmon denominator* 



h e be "^ 



c 



M+i+ ^^^^i^f « ,«« required, 
be 

4. Add 1^ and i together; ^«/. Uf±^. 

2b 5 ** 10^ 

5.Add— ,^ and f together. Am.x+^ 

234 12. 



6. Add f^ and i5 together. ^ii/. I2fE!Zlii, 

7. Add :r+^=l to 3x+ff:ri ^11/. 4x+i2f=LZ. . 

3 4 " 

8. It is required to add 4^, H. and ^^ together. 

9. It IS required to add If , 2£ and H±i together. 

3 4.5 

10. It is required to add A^r, 2f, and 2+f together. 

9 5 

n . It is required to add $x+~ and jit — -jf together. 

5 .9 



^ In the addition of mixed quantities, it it beft to bring the frac- 
tional parts only to a common denominator, and to affix their Cvm Co 
the fum of the integers, interpofing the proper fign. 



*6 FRACTIONS. 

PROBLEM VII. 

To %tdf tract one fractional qvtntity from another. 

^ 1. Reduce the fradiont to a common denominatori as 
ID addition. 

2. Subtrad the numerators from each other, and ub- 
dcr their difference write the common denominatof, and 
It will give the difference of the fraaion^ required, 

SXAMPLXS. 

I. To find the difference of f and H 

S " 



3Xii«33 

• — ► — — s— ss dyjkrenctreqmni* 
33 33 33 



«. To find the di&rencc of iS=2 and ^^"^^ 

* ■ 

I5^>c ^ i^bc i^cb ^ 

ence reqmnd. 



• The fame rule mvf b« obfcrrcd fpr mixed miantities \n fobtfafi- 
tl*n at iu addition. 



FRACTIONS. a; 

5. Required the difference of l£f and 3f Ans. ?2f 

.75 35* 

4. Required the difference of cy and i?*, ^ji/. 22?. 

8 8 

5. Required the difference of ?f andif Am. iH . 

7 9 63 

6. Required the difference between ^~ and i. 

h d 



Ant. 



dx+ad'^Jk 



hd 

7. Required the difference of 3f±f!.and 2f±7. 

5^ 8 

8. Required the difference of 3^+t *Dd ^ ^ 



c 



Am. 2x+!fil±±ff. 

he 

_ PROBLEM VIII. 

Ta^mulHftlu fracthnal qvantiHci togdthtr. » 

RULE.* * 

Multiply the numerators together for a new numera- 
tor, and the denoniinators for a new denominator, and it 
wM give the product required. 



* I* When the numerator of onefradfcion, and the denominator 
^ the other, can be divided by foiue quantity, which is common to 
^b, die quotients may be ufed inftead of than. 

A. What 



4t FRACTIONS. 



r 



IZAMPLB9* 



1. Let it bereqaired to find the prodod of -and f!!* 

6 9 

6X9 J 54 *7 * 

a. Required the produa of ^, -^f and — . 

2X5 X2I J 210 21 ^ ' 

«. Required the produdl of - and -!fl. 

""^^/ifW J^±^^trodua required. 

4. Required the produdl of — and -j Anf. 2^. 

5. Required the produd of — and •^— AnfX^, 

2x Xih Xuc 

6. Find the continued produdl of — >^— , and ^ 

« ^ 2^ 

7. It IS required to find the product of ^-{ andf . 

ax 

Jnf.±±t.' 



a. When a firadion is to be multiplied by an integer, the prodnd 
is found by multiplying the numerator by it ; and if the integer be 
the Dune with the denonnin»tQir, the numerator may be tafcfln for the 
produd. 

3. When a fraAion is to be multiplied by fmy quantity, it is the 
fiune thing whether the numerator be multiplied by it, or the deno- 
minator divided by it. 



FRACTIONS. : 39 

8. Required the produft of ^ and ^7^ -, ' 



9. Required the prodaf^ of — ^--, and --tT* 



PROBLEM IX. 
7b divide tme fractional qvantity by another* 

auLB.^ 

Maliiplj the denominator of the diviibr by die numa^ 
rator of the diTidend, for a new numerator ; and the 
nomerator of the diyifi>r by the denominator of the di- 
videndy for a new denominator. 

Or, which is the fame thing, invert the divifor, and. 
proceed exaSkly as in multiplication. 

EZAMPLfiS. 

1. Required the quotient of- divided by — . 

X g 9^ % ' m . . » 

-X -^ ** fi ^ =lt« fwheni refmrei. 

2. Required the quotient of-j divided by ^. 

%a^ d 2ad ad 



ikwMi 



I. If the fimdioiit to be diTided haire a coamioo denotnmator, 
^e the numerator jof the dividend for a new numerator, and the 
Binierator of the divilbr for the denominator. 

ft. When 

D 







30 FRACTIONS. 

3 . Find die quotient of _". divided by — ^r^* 

2JP* T 

4. Find the quotient of ^jx^ diyidcd by —Ti' 
-ZZ \^ -JL-ss fll-J__ias J — - — quotient 

required, 

5. Let — be divided by — j/nf. -^ 

6.Let*^bcdivtdedby5x. ''^'^' 35* 

^ 7/Let^4-^ be divided by — Anf> — — • 

• 6 3 4^ 

8. ret -f- be dividea^^y 7 -^«/ -—' 

^, JT — I 2 •2^—' 

9. Let ~ be divided by ^. ifij/'* ^ • 



10. Let ^^ be divided by ^ jfnf. 



X 



•v II. Let J— -7 be divided by — — r-' 






a. When a fra Aion is to be divided by any quantity, it is the fame 
thing whether the numerator be divided by it, or the denominator 

multiplied by it. 

3. When the two numerators, or the two denominators, can be 
divided by fome comm<Hi quantity^ that quantity may be thrown 
out ef each, and the quolienu ufed inftead of the fra^ions firft 
propofed. 



,^^^-;v 



C 3» 3 



INVOLUTION. 

Ittv^utUn if the raifing of powers from any propofcd 
root : or the method of nndiog the fquare, cubei biqoa- 
dratCi &c. of any givetl quantity. 

auLi.* 

Multiply the quantity into ttfelf at many times as there 
are units in the index lefs one, and the laft prodnft will 
be the power required. Or^ 

Multiply the index of the quanthy by the index of the 
power, snd the refult will be the fame as before. 

Note, When the fign of the root is +, all the powers 
^f it will be -|- ; and when the fign is — , all the even 
powers will be* -ft stnd all the odd powers — • 

EXAMPLES. 

^ ^b power ' I J* s» ^b power 
ssB ^th power J <i«Osas ^ih power 

5cc. &€• 




5+ 9^*^fqnar$ 
4- Sia^^j^b power 
— 243^*= ^tb power 



* The nth. power of any produift is equal to the nth. power of 
each of the faAors, njipltiplied together. 

And the nth. power of a fradion, is eqaal to the nth. power of the 
aumerator^ divided by the nth. power of the denominator. 



^■r" 



3« 



INVOLUTION. 



^^20x^9 root 



-• root 




^b pomr 
Sttfo^inr. 



lax* 

'If' 



^sUfModrM 






rooty.^^ 



8tfV 



rwir 



27^ 






x^+2ax+a^ss/gttar£ 
X + a 

x^+zax*+ a'he 
+ ax^+2a^x+ ifi 



«r third power of ir+4^. 



INVOLUTION. J3 

EXAMPLES FOR PRACTICS. 

I. Required the €ube or third power of 2a*. 

Anf. %a\ 
3. Required the 4th power of zd^x. Anf, i6a*x* 

3. Required the 3d power of — Sx^j'. 

Anf, — 512**^^^ 

4. To find the biquadrate of rr- • Anf. - ■ ",, - 

5. Required the 5th power of a — x, 

Anf a^ — s^^x+iQax^ — lOoTx'^'^-^ax* — x^. 



Q 



IR ISAAC NEWTON'S Rule /or ram w^- a binomial 
or residual gtiantity to any fiower %}hatev€r.* 

1. To find the'terms nxnthout the co-efficients. The index 
of the firft, or leading quantity, begins with tbat.^f the 
givwi power, and decreafcs continually by i, in every 
term to the laft ; and in the following quantity the in- 

'<iices of the terms are o, i, 2, 3, 4, Sec. 

2. To find the unci£, or co-ejfficientt. The firft is al- 
]vays I, and the fecond is the index of the power: and 

; in general, if the co-efiicient of any term be multiplied 
I ^J the index of the leading quantity, and the produd be 
kdivided by the number of terms to that place, it -will give 
'ute co-ctficient of the term next following. 



* This rule, exprefled in general terms, is as follows: 

s « 3 

Tht 

' D 2 



34 INVOLUTION. " 

Note. The whole nomber of tennt will be one more 
than the index of the giTcn power; and when both 
terms of the root are -f-, all the terms of the power will 
be 4* ; bot if the fecond term be — » dl the odd terms 
will be 4-» and the even terms -*. 



EXAMPLES. 

I . Let aJ^'X be involved to the fifth power. 
The terms without the eo-^ffiaenti will he. 
a^, a^x^ a^x\ a*x\ ax*f x^^ 
and the coefficients wiil be 

, c 12^ 'OX 3 IOX2 5X1 



2 3 4 ' 5 ' 

Arui therefore the fifth f^mner it 

2. Let or— fl be involved to the 6tb power.. 
The terms without the co-efficients will he 
x^t x^a, x^a\ jtV, x^a^^ xa^ a*9 
and the CO efficients will he 
g- ^%S *5X4 ?ov^ 15x1 6x1 

» 3 4 5 ^ 

or i» 6| 15, 20, 159 6« I. 

^111/ theefefore the 6th power of x— « is 

x^ — 6x^a+ 1 $x^a^ — 20j:V+ »5j:«^*^6jr«*+^*. 



3. Required the 4th power of 

4* Required the 7 th power of x+«. 

jinf. x7 + 7Jc-^<i4-2ix^fl2+j^jcV+35x3a*4-2ix»tf54. 

'jxa^^a^. 



'The Aim of the co-efficients,' in every power, is eqnal to ^« 
number a, raifcd to that power. Thus f 4- a«s % for. the nrft power ; 
m-a+X"-4«'2i^ ^" the fquare; i-f 3+3+Z^8»2^ for the 
cube, or third power, &c. 



J 



\ 
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EVOLUTION. 

Evolution is the reverfe of invoktiooi or the method 
of finding the fquare root, cube root, &c. of any givea 
qaantitff whether fioople or compoaod. 

CASE I. 
To find the rootM of dmpje gttanHHes^ 

Extract the root of the co-efficient for the numerical 
party and divide the index of the letter, or letters, by the 
iadez of the power» and it will give the root required « 

* 

« IXAMPLEi. 

1. Required the fqaare root of 9^% and the cube root 
of 8j^. a 3 

2. Required the fquare root of ^-~-, and the cube root 




* Any even root of an affirmative quantity may be cither -f- 
tr— ; thus the fquare root of +a* is cither +«, or — ^: for 
(+tf)X(+*) — +«*. and (— <r.X(— 4i)— +«*. 

^d an odd root of any quantity will have the fame figs as 
the quantitv ttfelf ; thus the cube root of +a^ is -f ^^ and the 



\ 



$6 EVOLUTION. " 

J. Reqaired the fquarc root of $^x^. Ai^* ax^^S* 

4. Required the cube root of — i25<i'x*. jinf. — 5*3^* 

5. Required the fquare root of ^-^ jin/» "^7" 

6. Required the 4th root of ts6a^x*» Anf ^'^* 

7. It if required to find the 5ih root of — S^J^j'^* 



CASE IL 
To find the square root of a eoTnfioitnd qitantUy. 

1. Range the quantities siccording to the diineafions 
of fomc letter, and fet the root of the firft term in ibc 
quotient. 

2. Subtrad the fquare of the root, thus found, from 
the firft term, and bring down the two next terms to th« 
remainder for a dividend. 

3. Divide ihe dividend by double the root, and fet the 
refult both in the quotient and divifor. 

4. Multiply the divifor, thus increafed, by the term 
laft put in the quotient, and fubtraft the produ^ itota 
the dividend ; and fo on, as in common arithmetic. 



cube root of — «3 i« — «• for (+-»)X (+«) X(+«^« + «^» ^ 
(-^ , X ;— a) X V— «)«= —^3. ' 

Any even root of a negative quantity is impodible : for neither 
( + tf ; X (+a) nor ( — a) x — ^ can produce — . 

The «th. root of a produd is equal to the nth. root of each of the 
favors multiplied together. 

And the «th. root of a fradion is equal tc^ the «th. root of the nu- 
merator, divided by the nth. root of the denominator.^ 
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lXAMrLfii< 



I. Extras the fqaare root of x^— 4ir'-|-6M*~4»4.i, 






^*— 4* + 1 ) a«* — ^4x4. 1 
2«' — 4^4* ^ 



2. Extrad the Cjaare root of 4a^+tza*x+iia*M*+ 



• ^*+$ate) 1 2a^x+ 1 JflV 






* 



3; Required the fquare root o( a^+4a^x+6a*x^+^ifi 
4* Required the fquare root o[ ^^^zx^Jf^^jc^^^ 

i It is required to find the fquare root of a*+x^^ < 

x^ x^ x^ - 
AnL aA -r — h-r"5"^>*c- 



3$ EVOLUTION. 

CASE ni. 

Tojlnd the rooti tffi^were in generaL • 

ILULK.* 

1. Find the root of Uie firft urm, and place It in the 
quotient. 

a . SabtraA tti power from that term* and bring d^ o 
the fecond term for a diTidend. 

J. Inyolve the rbotf lafl found, to the next loweft 
power, and multiply. it by the index of the gtyen power 
for a divifor. 

4. Divide the dividend bj the divifor,* and the quo- 
tient will be the next term of the root. 

c. Involve the whole root, and fubtrad and divide as 
before I and fo on tQl the whole it finiflied. 

BXAMPLES. 

« 
1. Required the fquare root of a* — a^'x+s^'^c*— aox' 






2a^)2a^x* 



a^ — 2a^jc-L7a^jc^ — a^ixS-J-jc* 



%''^ mm. 






* As this method, in high powers, is generally thought too labo- 
rious, it may not be improper to ohfenre that the roots of compouod 
quantities may fometimei be eaiily difcovered thus : 

X. Extra A 



.^ 
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a. ExiraA the cube toot of x^+6a:^ — ^ox^-k-gCx"^^ 



3x^)6^?* 



a^+6j:* + 12x*+8j?* 



3X*)— I2J?* 



a:^+6x5 — 40x3+96^: — 64 



3. Required the fqaare root of a^'\-%ah^iae-\'1^^2hc 

4. Required the cube root oi oi^ ^-^6x^-^1 $x^ — 20^3+ 
I yjr* — 6x4" I • Anf. x« — 2x4- 1 . 

5. Required the biquadtate root of i6fl* — 96^3x4-216 
jSjr* — ai6ax34-8i«*. Anf, 20—3^0. 

6. Required the fifth root of 32x^ — 8cw:*+8o«5 — 40 
j:3^iox«— I. ^ ,An/» ix'-^in 



z. Eztnuft the roots of fome of the moft fimple terms, and con- 
ne^ them together by the fign 4- or — , as may be judged moft 
foitable for t^f^urpofe. 

a- Involve the compound root, thus found, to the proper power, 
and, if it be the fame with the given quantity, it is the root requir- 
ed. 

3. But if it be found to differ only in fome of the figns, change 
them from 4- to — , or from ^ to 4>, till its power agrees with 
the given one throughout. * 

Thus, in the fif^ example, the root %a — 3x, is the difference 
o£ the roots of the firft and laft termk ; and in the 3d example, the 
root tf+^+« is the fum of the roots of the xft, 4th, and 6th. terms. 
The fame may alfo be obferved of the 6th example, where the root 
is found from the firft and laft terms. 



' 
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SURDS. 

Surds are fuch qaantities as Uave no exaft rooty being 
vfaally ezpreffed by f rational iodiees, or by means of 
the radical fign /^ placed before tbem. 

Thii8» 2% or i/ 2| denotes^the fqoare root of a, and 3^ 
the cube root of the fquare of 3 ; where the nttoierator 
ihews the power to which the qoantity is to be raifed 
and the denominator its root. 

PROBLEM I. 

7b reduce a rational quantity to the form of a mird* 



aULB, 



Raife the quantity to a power equiyalent to that denot- 
ed by the index of the furdt and over this new quantity 
place the radical fign, and it will be of the form require 
ed. 



EXAMPLES. 

1. It is required to reduce 3 to the form of the fquare 
root. 

F$rft 3X3832SS9 ; nxflence ^g theanfkuerm 

2. It is required to reduce %x'^ to the form of the cobe 
root. 

Firfif 2^«X2^X2J?«s=(2x»)3==8a?^; tubence ^8jc* 

«r (Bx*)''" the anfiver. 

3. Reduce 5 to the form of the cube root. , 

4. Reduce h^y to the form of the fquare root. 

Ant. ^Jj?y. 



f 
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5. Reduce 2 to the form of the 5tb root.. \^fi/. (js)'''. 

6. Lettfi be reduced to the form of the 6th root. 

7. Redace a+i to the form of the fquare root, and 
«— ^ to the form of the cube root. 



PROBLEM II. 

Jb reduce quwuUie9 qf different tndiceg to other equivaient 
ofteSf that shait htrve a common index. 



RULE. 

i« Divide the indices of the quantities by the given 
iDdezy and the qnotients will be the new indices for 
tbofe quantities. 

2 Over the faid quantities with their new indice8» 
place the given index, and they will make the equivsdent 
(piantities required. 

5. A common index may sjfo be found by reducing 
the indices of the quantities to a common denominator, 
and involving each of them to the power denoted by its 
Bomerator. 



SXAMPLBS. 

I. Redone 15^ and 9^ to equivalent quantities having 
the common index k» 

X I I 3 2 1 A . , 

1112 2 1 ... 

Therefore {iS^)^ and (91)* »» quantitiu riT^red. 



- n 

i 

SU&DS. 

3. Reduce tf* and x* to the Gune co«i«iQa initexT. 
I .1 2 s 6 

4 3 4 " 4 

Therrfon {«*)^ fl«^ (*^ j — quantities requirei* 

3. Reduce 3^ and it to the common iadez i, 

Anf. (27)* and (4)* 
4* Reduces* and h^ to tbe common index \. 

An/.{a^)Taad (M)f 
5« Redace t^ and ^ to the iame radical figo. 

6. Let (a-|-^}''^and (a— ^)'''bereduocdtoacommoa 
iadez, 

7. Let {a+by and (tf-^)'^ be reduced to a common 
index. 



PROBLEM IIL 
To reduce MurtU to their mo9t Hmide teTniii, 

IWLB.* 

Find the greateft power contained in the given furdt 
and fet iti root before the remaining quantities, with 
the proper radical fign betweep them. 

N 

* When the giveii furd contains no eza^ piiwer, it is alreadf it 
ict moft fimple tertnt. 



SURDS. 4^ 



EXAMPLES. 

1. It is required to reduce v^48 to its moft fimple 
terms. 

V'48=V^(i6X3)«V^i6XV'3«4Xv'3«4V'3> '** 
: artpwer. 

2. It ii required to reduce ^io8 to its inoft fimple 
tennSj. 

;/io8*.3/(27X4)€= 4/»7Xi/4=$Xl/4=JV4f 
tbe an/warm 

3. Reduce s/ii^xo its moft fimple terms. 

4. Reduce V:^ to its moft fimpfe urms. 

5. Reduce V^43 ^^ '^^ ^^ fimple terms. 

'dm. 3 ^9. 

6. Reduce ^g- to its moft fimple terms. 

7* Reduce ^^^%tfix to its moft fimple terms. 

Ans.'ja^tx, 



8. Reduce ^{x^^-^^^xf^) to its moft fimple terms. 

9. Reduce (tf3^+3ii3:rS)^ to its moft fimple terms. 

I 
ID. Reduce (320^— -96^'^)^ to its moft fimple terms* 



n 
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PROBLEM IV. 

To add surd qtutntities together. 



RULE. 



1. Reduce foch quantities as have unlike indices to 
other equivalent ones, having a common index. 

2. Brinfr all fradiont to a common denominatort and 
reduce the quantities to their fimpleft tcroftsi as in the 
laft problem. 

J. Then, if the furd part be the fame in them alli an- 
nex it to the fum of the rational parts* with the figo of 
multiplicatiooi and it will give the total fom required 

But if the furd part be not the fame in all the qaan* 
titiesi they can only be added by the figns + and — ^ 



EXAMPLES. 

1. It is required to add ^27 and a/\% together. 
Ftrjl, ^27=V(9X3)=3V^3; ''^^ v^48=:v'(i6X3) 

=F4a/3; 

Whence, 3 V3+4V3=(3+4) V^3=7v^3= >^ ^'^^' 
eJ. 

2, It is reqaired to add ^500, and X/jq8 together. 
Ftrft, V50o=V("5X4J=5V4» ^»^ V'o^^V 

(27X4)=3V4; 

* Whence, 5 V4+3 V4 = (5+3) V4=« V4= >« '^^' 
quired* 



SURDS. Hj 

3* Required the (am of i/iz and ^i%%. 

Ans* 14^2. 

4. Required the fum of ^27 and v^i47. 

5. Required the fum of a/^ and ^f^. 

6. Required the fom.of ^40 and \/ 135. 

7. Required the fum of 3 %/i and 5 Vtt* 

|{. Required the fum of i^a^i^ and 3^64^^. 

9. Required the fum of 9^/243 and 10^363. 

1 X 

10. It if required to find the fum of a" and a*'. 

11. Required the fum of j/ija^x and Vs^^' 



PROBLEM V. 

To 9ubtracty wrjmd the dUffertnce qf, ntrd guanHtie§. 



auLE. 



Prepare the quantities as in the laft rule, and Ae •dif- 
ference of the rational parts annexed to the common furdi 
wJU give the difference of the furds required. 

But if the quantities have no common furd» thej can 
only be ibbtra^ed Iqr meant of tlie fign •«»• 

E 2 
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EZAMPL£f. 

1. It if required to find the didference of i/44^ »' 

-PiV/?, V448-1^^54X7)«8V7; and V^^-^A^^^^ 
=4^7; 

H^bfnce 8^7— 4V7«=(8-h.)V7=4V'7 ^J^^^^ ^^^ 
ed. 

2. It is required to find the difference of 192' ^^ 
Firft, 192^=(64X 3)^=4.3^ 5 W 24^«(8X3r*' J 

3* Required the difference of 2 Ao and Vi8. 

^4* Required the difference of 320^ and 40"^^. 

5. Requited the difference of V^ and -Z^. 

5 ^7 , 

^. Required the difference of \/^ and ^A- 

7. Find the difference of |/8oa^» and ^zo^x^. 

I. Required the difference of 8 ^a'*h and V^^^' 
1^. It IS required to find the difference of x** and ^*« 
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PROBLElVt VI. 

To multiftly stird qtumtiiieB together, 

AULS. 

Reduce the fords to the fame index, and the prodoS: 
of the' rationar quantities annexed to the produd of the 
fords will give the whole prodad required ; which maj 
be reduced to its moft iimple terms by Problem 3. 

EXAMPLES. 

1. It is lequircd to find the product of 3^8 and 2^6. 

Here, 3X«X V8X 1/6=6^(8 x6)=6v'48«6 Vi 16 X 
3)=s6X4X ^l^z^iJl^produa required. 

2. It is required to find the prodod of | Vl ^^ 

ij— — \/i5=trV ^5=* frodu^ required. 
24 ^ 

3. Required the produdt of 5 y^ 8 and 3/5. 

, . Am. 30V16. 



1 2 

4. Required the produA oi^^y 62,^^-^1/1%. 

23 



Jns. ^4. 



c. Required the produft of --/i and ?^-2-, 
^ ^ "^ 3 8 4 10 



il»/.— V3S- 
40 



4S SURDS. 

6. Required the produd of v^i8 and 5 {/4. 

7/ It is reqaired to find the prodofl of n"^ and a^. 

I t ' 

8. Required the prodad of ^^+J^)^ and (^+jf)^. 

9* Required tlie produft of s+^j^ and x^^y* 

10. Required the produd t>f {flJ^^h^t and| (a— 

X JL 

11. It is required to find the produdt of x* and x^^ 



PROBLEM VII. 
To divuk one 9urd quantity by toMker. 



{ 



nuLx. 

Reduce the furds to the fame index, and the quotient 
of the rational quantities being annexed to the quotient 
of the furds, will give the whole quotient required ; 
which may be reduced to its moft Ample terms as 
before. 

HXAMPLKS. 

1. I( is required to divide 8V108 by 2^6. 

(8-5-2)V(io8-r6)=4Vi8=4V(9X2)s4X3V2=:i2V2 
=z quotient required. 

2. It is required to divide 8^512 by 4V^2. 

J. ' * * 

84-4=2, and 5 1 2''"-f 2'^s=l56^=4.4^ 

Therefore 2 X4X4''^=8.4*^= quotient required. 

3. Let 6^/10 be divided by 3 v'i- Jinf* 2 



i 
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4. Let 4^/1000 be divided by i%/^. Anf, 10^2. 

« I 21 I 

5. Let 4^— be divided by p/j -^u/. ^v'S • 

6. Let ^%/J be divided by Ji/J. jins. Yi^^ * 

7. Let r ^a^ ox ^ d^ be divided by ^a"^. -<^ii/", i j a'. 

8. Let the quantity x"* be divided by the qaantity x"*. 

9. Let x8 ■ ■ w r < / ■ b+d^h be divided by x— ^3. 



PROBLEM VIIL 

7b iiruotve surd gtumtiticM to any power. 

RULE. 

Mttltiply the index of the quantity by the index of 
the power to which it is to be raifedy and to the refult 
annex the power of the rational parUi and it will give 
the power required. 

EXAMPLES. 

I. It is required to find the fquare of p-^"^* 

3 

Firfi, (1 '2=3 X 5=1. and {a^^^a^^ 2=aT=(«^)T. 
3 3 3 9 * 

mettcel^h^==^ U^)^=^^:ya^^ fquare required^ 
3 9 9 



5» SURDS. 

2. It U reqaired to find the cube of -v 7. 

7 7 7 7, 343 ^ 

menee, (i^7)'-I£J<73)'-=I£i(343)**- rtfc «■ 
7 343 343 



3. Required the fquare of 3^5. jfn/. g%/9* 

4. Reqaired the cube of 2|y or ^2. Anf 2^1- i 

I I ' 

5. Reqaired 4e 4di power of TV^* ^^ "7 

6. It is r«qaired to find the 0th power of a^. 

7. It if required to find the fquare of 3+^5* 
'8. It is required to find the cube of 2X'^i^y. 

PROBLEM IX. 
To extract the root§ of turd guantiHesn 

Divide the index of the given quantity by the index 
of the root to be extradtedi and to the refult annex the 
root of the rational part, and it will give the root 
required* 



* The fijuare root of a binomial, or refidual, furd a+b, or 
A— B, may be found tkiu: take ^^a* — ■*)=■!); then ^{k 

+B> a. •— 2— -|.|r , and V(a— b)«^~I— — V • 

Thus the iquare root of Z-^%Vy^i -|- /7» and the fqaare root o| 
3 — V 8 s»i^ft— f : bat for the cabe, or any higher root, no general 
role can be given* 



S!i 



SURDS. 

EXAMPLBS. . 

1. It is wqnifed to find the tqaara root of g%/}. 

Wheme, (9V3)'sB3>3^«yiw«r« nott required, 

2. 1% is reqnir^ to find the cube root of ■^^% 

' 2 

3. Required the fqaare root of lo^. jfnfi lo^io. 

Q 2 

4. Required the cjibe root of — a^. An/. -«. 

a? 3 

« 1 

5. Required the 4th root of jw*. ^-rj/I 3^.j?^* 

6. It is required to find the nth root of m"*. 

7. Required the fquare root of x^'-^j^y/a+^a* 



INFINITE SERIES. 

An infinite Jeries is fornaed from a rulgar fradion^ 
having a compound dex^)9iteator9 or by extracting the 
foot of a furd quantity ; and is fuchy as, being con- 
tinaedf would run on ad itifimtum, in the manner of a 
decimal fradtion. 

But, by obtaining a few of the firft terms, the law of 
the progrefilon will be manifeft, fo that the feries may 
l>e continued^ without a^ually performing the whole 
. operation. 



5a INFINITE SERIES. 

PROBLEM L 

m 

T$ reduce Jraeiknal futmtUieM into infinite aerin, 

RULE. 

Divide the naraerator by the denoiiiinator» u id 
tommon dtvifion ; and the operation continaed, as faq 
as may be thought neceflary, will give the feries re-| 
quired. 

XXAMPLS8. 

I. Let be propofed to be converted iflto an 

Infinite feries. 

» * X* , x^ , sc* 

x^ 

a 



a 



» --4 



X- X 

a a^ 



X* 




a« 




X* 


x^ 


ti* 


tf3 






' I 



UflriNITE SERIES. 

I 
2. Let" , ^ be converted into to an infinite feries. 

i*t'<^)i (i— <cr-|-aps,-«*cE?'| 8k» 

^ 1+07 



53 



1 



1 '■ . ■ ■ ■ - ' 
—0:3 



x^ 



3. Let 



<t+07 



be converted into an infinite (eriei • 



■9 
4. Let T — rbe converted into a& infinite feries. 



a— -cr 






i+x 



r. Let ; — - hfi converted into an infinite feries. 

^nf. i+3jr+3o^+2Jp3-f-ax*, aV, 
4f» 



6. Let 



(7+^ 



■be converted into an infinite feries. 



' 7. Let I, or its equal "px^' 1^ converted into an in- 

iaite feries; 

F 



J4 INFINITE SERIES. 

PROBLEM II. 

7h reduce a comfiound ^urd into <di if\fimie ttriee. 

RULE.* 

Extrad the root as in common arithmetic, and the 
•peration» continued as far as may be thought neceflary, 
will give the feries required, , 

IZAMFLES* 

I. Extract the fquare roOt of a<+^ ia an infinite 

*> 



4^2 8a^ 64^' 

^ . iC« ^ Crf . ^*^ ^* ' 

a 4«- 8«* 04^ 






8a* i6a 



: 1 

6411 . • , ' 



• This rule if chiefly of ufe in extrading the f<|uare root, the 
opcratioa being tee tcdioiisfor the higher powcn* 



t I 
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2. Let V^i+i be conTerted into an infinite feries. 

3. Let va^--«> be converted into an infinite feries. 

^b/Io — T^^Ci 

2a s 8<f3 j6tf5 

4. Let \/i-«^r3 be converted into an infinite feries, 

^1,/. I 1 — ^!L, &c. 

3 9 8« 

5 Let \^iirHk2 be converted into an infinite feries. 



PROBLEM III. , 

fh redu$e a Mnondal 9urd intQ an infinite aerie* ; cr to e^- 

tract any root of a bmomial. 

m 

Sobftitnte die particnlar letters of the binomial, widi 
their proper 6gst» in the following general form, and 
it will give . the root reqoired» obferving tbat r it 
the firft terniy cl the fecond term divided by the firft 

* the index of the power or root $ and a* b, c, d, QT^. 
the foregoing terms with their proper figns. 



9 



* • « . / \ . «r— « / X . m — 2n 







* Any f«fd may be taken firmn tlie denomio^tor of a fradion and 
W in the nvaaeracory and vice vcrfi^ Vy only changing the fign^ 
in index. 
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XXAM?Lfi8. 

i« To extra^ tbe iqiiare root of r^— vr^, in an inSnite 

r* If 2 

^)i-,+ (lx.x-$)+(-lx.y --)+(- 

.f A, B, c, Di ere. *«,«|.^r-f!_f! fl 5fl 

to'r. t^fifUt required* 

t. To find the value of ' , , - or \U equal («+*)•" io 
an iofinite (eries, 

^^tf P«tf» Q=s-, tf«^/?saZli; therefore (a+^)-»:K 

-+(-H)+(4-y+{-H)+(- 

l4).».._4+(-2»..)+(_3»..)+(-4«.A 

4'» a* If 20 31, 4^ * 

wAwA, J/ r^iVvf /Sfttf vaW 9f a, b, c, i>> becomes 



INFINITE SERIES. 57 

3* To find .the Take of -j~» iQ ^us iofintte feries, 

Jlnf. r— x+f!-J^+f!i err. 

4. To find the value of" ^ a in an iofinite feries. 

5. To find the ▼alqe of 1 in an infiniteiiniw. 

fi. To .find the Talae of (^+^)7 in an infinite feriet. 

7. Find the value of (a«— -xaji in an infinite fcriet. 
% AnL4r%*\ — —-—-jr.— *f WV. 



1 . 



^. To find the value of (a^—- ^)t in an infinite feriet* 
t 3fl* 9tf* 8itf« 243«*" 



9* Required the fquare root of . in an infinite 

ferict. ^'"-^ 

10. Required the cube root of ■ ^ / ^,^ in an infi- 
nite feries; (a^^x^Y 



^«/ J-x:i— ^+5_— pil^ ere 



F 2 



ARITHMETICAL PROPORTION. 

X t . Reqaired^e Taiae of —-.....««. in an . infiaite 
feries. *•— .ix+x^ 



A^r ^-L* «* ^^ e^ 



ARITHMETICAL (PROPORTION, 

ArUhmetlcal PrspwrCwnx^ the relation which two qoaa* 
titles/ of the fame kind, bear to each other, with rdpeA 
to their difference. 

Four quantities are &id to be in arithmeiical ^tforHoUf 
vh^n the difference between the firftand fecond is c^nal 
to tht difference between the third and fenrth. 

Tiutf if 7f 13) l6> aud «, a+b, ^ e+b are arMmetksl' 
fy pr^partionmlm 

Arithmetical frogreffion is when a feries of qnanttties 
either iocreafe or decreafe by the fame common differ* 
ence, 

7busf l« 3, 5, 7, 9» II, Wc. mmd a^ a+6f a+zh^ 
a+3^» ii+43» «H~5^i ^^» ^re feries in arithmetical fro^ 
greffim% wbofe commom iRfferences are i and h. 

The mnft ufefol part of arithmetical proportion ii 
contained in the following theorems : 

I. If four quantities be in arithmetical proportion, the 
Inm of the two means will be equal to the fum of the 
two extremes. 

Thus if %% 5i 7, 10, and a, h^ Cf </, are in antbrne^ 
ileal proportiouy then wiil 2+lOmag+'j^ and a+d^sih+Cm 

II. In any continued arithmetical progreflioiv the 
fom of the two extremes, and that of any two terms 
which are equally diftant from them, are equal to each 
other. 
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Tiui, in tie ftrksl %% 4, ($, 89 I0> tl, l^C. 2+1224 
+10=6+8. ^ 

It t.. The kft term -of any aritbmdtlcal feries, is 
eqaal to the fumy or difference* of the firft term, and 
the prodaift of the common diffbrence by the namber of 
ttrms lefs one ; aceording as the ftries is incrcafing or 
decreafing. 

7%»/y tbi 20/A term of z, 4, 6^ 8^ ip^ i2» (^c« $s 

=2+2(20 — i)=2+2Xi9=*+3"=40- 
An J the nfb term of a, <f— ^r,. 4—20^9 tf — JJ?* «— 4^:, 

l^C. iiZlS — (»-^l)XXafetf — (« — i)x, 

IV. 'The fom of any feries of qnanthies in arithme- 
tical progrefliont is equal to the fom of the two extremes 
dloltiplied by half the number of terms. 

ThuSf the sum of i». 2, 3, 4, 5, 6, (^c. continued to tbi 

, . fl+20)X20 ?''^20 

2 2 ' 

Jind the sum of n termt of a^ a+x, a+iic, a+^Xf to 

«+««?, /r«sf(4+tf+«»^)-=(<a+i«w)'»=(« + ■ r )n. 



bzamples. 



1. The firft term of an increafing arithmetical feries 
IS 3i the common difference 2» and the namber of terms 
20 ; required the fum of the (ent^. 

Fsrft, 3+2X(ao— i)«3+^i9«3+S8 »4i *M 
ftmu 

-'*«'. (3+4J)X^-44X ? -44x10 -S440-W1B 

a * 

required* 

2. The firft term of a decreafing arithmetical feries 
is 16O9 the common difference 31. and the nnmber of 
terms 34 i required the fam of the feries. 



6o ARITHMETICAL PROPORTION. 

. /Vf^^ iQo--3.(34— i)moo — 3*(33}^ioo — 99« 
l^lafi term. 

Jindf (loo+i) x-^sioix^»>iosx I7«*i7<7- 
fum required. 

3* Required (he fins of the nsnml ndBben z» }» 

3t 4ff 5» 6f ^^ continned (• looo terns. . 

Jimf. 500560^ 

4. * Repaired the fam of the odd numbers !» 3* 5» 
^» 9, 5cc« coatinaed to loi temt. Jlmf* losoi. 



5. How manj ftrokes do the clocks of Venice, 
go 6n to 24 o'clock, ftrike in the conpais of n day i . 

. Jfmf 300. 

6. The firft term of a decreafing arithmetical lertet b 
iCf the common difference 4^ and the nomber ef tenni 
21 ; required the fum of the feries. Anf 14a 

7. One hundred ftones being placed on the ground, 
in a^ ftraight line, at the diftance of a yard from each 
other, how hi will a perfbn travel who (hall bring them 
one by one to a ba£ket, which is placed one yard from 
the firft (lone. Jtnf. 5 miles and i$oojarJs» 



* The fum of any number of terma (» of the aritlimetical feriei 
•f odd numberg i» 3, 5, 7, 9, Ac it equal to the fquarc (jt*) of that 
mmber. ^ 

Thftt 19) if X, 3, 5, 7, 9, &c. be the numben. 
Then will i, %*, $\ ^*, 5^ &c. be the fums of X» s» J, &€. 
term*. 

' For, O-f l> or the fum of x tcTm iaei*, or I 
I 4 3« or the fum of a terms =2% or 4 
4 -f 5f or the fum of 3 ternM s=3*, or 9 
9 -^ 7, or the fum t>f 4 termi -^4*, or 16, Ac. 
^ Whence it is plain, that^ let • be any nmnber whatercTt the km 
of M terms will be m\ 
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GEOMETRICAL PROPOftTION. 

Geo0ietrkdl proportion is tiiat fektion of two qnantities 
of the fame kiad, which arifes from confidehng what 
fart the one is of the othery or how often it is contained 
jnit. . 

.When four qnantities are^ compared together » the firft 
and third are called the antecedents^ and the fecond and 
fourth the tonfiquents* 

Ratio is the quotient which arifes from dividing the 
Inteeedent bj the cooiequent, or the confeqacnt by the 
Aftleced«nt» 

Four fnantiiiei are /aid to h firofartionalf when the firft 
is the fame part or multiple of the fecond, as the third 
is of the fourth. 

Thw 2, 8, 3, iZf and a^ ar^ i, hrf are geomftneal 
froportionals . 

Direa fropirtUn is when the fame rektion fabfifts 
between the firft term and the fecofldi as between the 
third and the fourth. 

ThuSf 3, 5» 5» io» and Xf «r» jt s^t ^rr in dhrff fro* 
portion. ^ . 

Reciprocal^ or inverfe proportion^ is when one quan- 
tity increafes in the fame proportion as another dimi- 
niihes. 

• TbuSf 2, 6, 9, 3y and a, ar^ hr^ h^ are in inverfe pro* 
portion. 

A feries of qnantities are faid to be in geometrical 
trogreffion^ when the firft has the fame ratio to the 
fecond as the fecoad to the thirdi the third ^ the 
fottfthy &c. 

Thus^ 2, 4, 8, 1 6, 32» 64, ev. and tti ar^ ar^y at^% 
or\ ar^f Wr. aro feries in j^eometHcal progrefflon. 



6> GEOMETRICAL PROPORTION. 

# • 

The moft nfefot part of geometrical proportion, is 
' contained in the following theorems. 

I. If four quantities be in geometrical proportion, 
the produA of the two means will be^qual to that of the 
two extremes. 

Thus, £/* 2, 4, 6, 12, W at «*•» hf hr ; he germetricaJfy 
proportional then will 2 X I aft»4X6, and axV=* X or. 

ir. If four quantities be in geometrical proportion, 
the rc^anglc of the means divided by either of the ci- 
tremes will give the other extreme. 

Thur, if, 3, 9, 5, 15, and r, ar^ yi ay* are gC0metricaUl/ 

proportionai, then will £211=15, anJ^I^iZr^x. 

3 «r . 

III. In any continued geometrical progreffion* tbc 
produd of the two extremes, and that dP any other 
two term99 equally diftant from them, w31 be equal to 
each other. 

Thn/t in the jeriet i, 3, 9, 37, 81, 243, Wf, I X243^ 
3XBi«9Xt7- 

IV. In any continued geometrical feries, the faA 
term is equdl to the firft multiplied by foch a power of 
the ratio as is denoted by the number of terms lefs one. 

Tbui, in the serks 2, 6, 18, 54, 162, W*f. 2 X 3*«l€2. 

V. The fum of any feries in geometrical progreflion 
is found by multiplying the lad term by the ratio, and 
dtvidiffg (he difference of this produA and the firft term 
by the ratio leA one. 

Thut^ the 4um £/* 2, 4, 8, 16, 32, 64, ia8, 256, ;i2» is i 
512x2—2 

, n, l024«^2«IOa2. 1 

Afid ihe sum of p ternu of ir^ /w, ar«, crs, wr^^ fefc* t9 
r — I r— *i r — i 
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VI. If four qiiaiiiitic$f >* ^ ^» V, or, 2, 6, 5, 15, be 
proportiooal, then wiB any of the following forms <rf 
ihofe quantities be alfo proportional. 

I. direaly a\b\\c\d or 2\6\\f;\is, 

Z. 'mH!rfelyb\a\.d\c or 6.2y.\s\s. 

3. ahimaiely a\e'\h\d or 2\^\\6\i$. ^ ^ 

4. compoundedly ala+H Iclc+d orzlSl'j'.iQ. 
y. dividedfya'.b— al'.cid-i^ or t:^::S' 10. 

6. mxedt+a'ii--a*ld+c:d-^ or S:^:: to: to. 

7. hy multiplication ra\rh\ \c\dor 2.3:6.3: ly'iy . 
B- hy f&mfan a-^ \h^y*c\d or i\7^\\^\\i. 

9. the numbers Of i» c^ d, are in barmomcal proporiion^ 
^benad'^\aKnb\c^d, 



IXAMPLBt* 



I. The firft term of a gcometricat fcric$ is 1, tfcc. 
ratio z, and the number of terms lO j what is the fum 
•f che feries ? 

J^, 01^11=1^}?^^-' -I02i^jum required. 
2 — I I 

a. The firft term of a geometric feriesjs !» the 
ratio 4> and the number of terms 5 ; required the fum 
of the ferict- 

\2 162 3/ V i/ V2 4«o/ 3 243 
1^ -lii =iil=s turn required. 

a Bix2 162 

3. Required the fum of I, jt 9, «7t 81, &c. coa« 
Itnitedto 12 terms. • • , Anf. ^6$^20'. 



SJMPIE EQJJATIONS. 

4. Required tbe tvm pf ifj^ii -tiptw* &c* centiavcd 
tci iz terms. ^ 

5. Required the fom of i, 2, 4, C(| i(t S^i fcc. con* 
tinoed to 100 terms. 



SIMPLE EqUATIONS. 

^11 EquatloBiSt when tUto equal quantities SSbHbAj 
esprefled, are compared together hj means of tbe fign 
zz placed between them. 

Thus I a — 5=17 is an equation; ezp^effing the equaStj 
of the quantities 12 — 5 and 7. 

AJimpU equation is that which contains only one an* 
known quantity without including its power. 4 

Thus, x— 04-3=^ is a fimple equation, containing only 
the unknown quantity x. 

ReduShn qfemuiti^mi is the method of fipding the va- 
lue of the unkptpvfn ^quantity ; which ts (hewn in the 
- following rules. 

Any quantity may be tranfpofed from one fide of the 
equation to the other by cfaangiag its fign. 

Andt j^x— 4+6=8, then w/i/x=r8+4— 6=:6- 
Ahof (/^x— fl+ter— </, then /wii/^xz^c-^-^^a^^. 
And, in 6U maimer^ if; |f?r— 8a53Jr-t730» yAw wU 
4JCW— jxs 20+ 8, or xzz 28, 



IIULE II* 

If the unknown term be mulriplied by any quantity, 
it may. 1m taken away Igr dividing all fehe other ttirma of 
the eqaatiqQ'by k. 



V 
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Tbutf if ax^smk^-^f then 'wiU xs^*»*^u 

Jindf If 2jr4.^ssi6, iheB itM a:-\-zsat%^ and xx%^ 

In Uie manner f if axJ^zba^sa^ifl^ then nviU x^-tks 

\ 



&ULB. III. 

If the unknown term be diTided "by amy qoantity, it 
may be taken away by multiplytpg all the odier terms 
of the equation by it. 



\v Thusf if^^i -f 3, then wU xzsl x o^-6s= 1 6. 
And^ tf'-=^+C'-~df then wiU x^sah-intc^'^a^lr 



X 2X 

In Ske- nunnery if — —2=6+4, *henmtt ij>-«6si8 

^6 
+ 12, fliK/2x=i8+i2+6sss36 or x=:'2— =18. 



aULB IT* •• 

The unknown quantity in any equation may be made 
free from iards, by tranfpoling the reft of ,the terips by 
Rule I • and then invoWing each fide to fuch a. power as 
is denoted by the index of the furd. 

Thus 9 2^ ^^^-^2=69 then wUl y/x:^6+2^Sf and 
x=r8^sB64. ^ 

And if \/4x-f-i6=ia, then will 4X+16SI441 or 
4x=ri44 — i6=:i28; and if both fides of the efuation hi 
dtvidedhjf 4* m mfillhesiZZ* 

G 
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In lih maimer^ if V2x+|+4=S9 /Am wiU 
V2jc+$z:S — ^4=4, ami 2JH-3ss43=a64, mui 2xsssr64»5 



RULB ▼. 



If that fide of the equation which contains the m- 
known quantity be a complete power, it may be redaced 
by extra^ing the root of the iaid power from both fides 
of the equation. 

Thusf if j:*+6r+9=25, /&» wU x+^si^z^sxg, 
or x^s-^S^^ • 

^^9 sT 3^5*— 9=21+3, ttennviU ix^2i+$+g^^^ 

4md a^o.^sittor3Psz^ii. 

In Ue mmmeTf if hios20, them mntt za^^y^ 

c:6o, am/ xs^. 15=30, mr a^^^^y^t^^i^^ or X^^i^.^ 



auLB TI« 



Any analogy or proportion may be converted into an 
equation, by making the produd of the two mean terms 
equal to that of the two extremes. 

Tbusf if 3j:: 16: 15: 10, then will 3xXio=i6X5^ 

o 80 8 

or 30^280, or xzz — = -=:a4. 

30 3 ^ 



2X . .. ...2fX 



Andt If —lawhxCi then wtt — ^ahfOmlzczzpthf 



3 3 



2e 
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X 4-2C 

In like manner, tf 1 2— x:— : : 4 : i* then will 1 3— %r«s— 



EULB VIU 

If tlie fame quantity be found on both fides of the 
equation with the fame fign» it may' be taken away from 
each I and if every term in an equation be multiplied or 
ilivided by the fsime quantity » it may be firnck out of 
them all. 

Tkuf if 4^+«=^+a, then wiU j^^i, and xzs 

"fi- 

M, if iax+sab^Sact then wU S^+S**"^*^* ^^ 

3 

In Uhe manner i if — = > then will 2x5:16 

•^3333 

lilSCELLANKOUS EXAMPLES. 

1. Given gx — i5=:2:r-f 6 to find the value of x, 

FirJ, Sx — 2*116+15, 
Or 3«ss6+ 15=21; 

Jfnd therefore x ssa — sn 7. 

2. Given 40— 6x — 16=120-— 14* to find a;, 

Firfit 14JC— 6j?=5I20— 40+*6, 
Or 8ars5 1 36--'40=:96 5 

And therefore jKr«*~«BX2. "« 



€8 SIMPLE EQUATI01f& 

3. hetijiax^^^h^iiijC'^c be giveiii to find k. 
Fiji, 5tfjr— 2i/ara:tf+3^. 

Or (sa — 2d)XJcss^'j^^6. 

Ana therefore xbb " " ■■■ « 

5^ 2i/ 

4. 3x2 — loxtm^x-^afi be given to find x. 

Firfi, 3x— .iox=8H-*. 

Or IX ^JTsS+IOsBslS. 

And therefore 3x^18^ at x«a— — sb^ 

5. Given 6ax^ — i2eAx^^^ax*+6ax% to find x. 

.FsrJI^ dividing the whole by ^ax*^ ivefhaii hav 

2X — 4^itM74-2. 

Or 2x — jc=24-4^* 
Whence x=s2+4^. 

6. Let -— -+-a=io, be given to find x* 

* 3 4 ^ 

Ftrjtf X 1 aB2a. 

6x 
^/f#, 3X — 2J7 ^ s6o. 

Therefore lOx=s240« 

vflu/Xsss— ^— aB24» . 

10 . 

jc — • tf X — 19 

7. Given ^-L-as-20 — ^ to find x. 

2 ^3 2 

%x 
FirJ, X— .3 + --^ =40—* +19- 



^/roy 3X— 94-2xaBiao-— 3x^57. 
r&rt /V,»8jps*i86, or "—-g- »»a3j- 



^ 

* 



SMPLE equations. 6j^ 

8. Let i/— +5=s7t '*>« givea to find x* 

■ 3 * 

3 I 

Whence — sa^sj^ 
3 ^ 

2 

9. Let or + Vtf^+a;«=a -> 1 be given to find^« 



Whence 3:\/a^+x^=^a^- 

And j?a X («^ +^ ) =(^2 — jc3)2sssa^2a3;eS4.x4 



Or <|2j?2-j.2a2«3sastf*, ©r 3a2a:«a5=tf* 



tf* tf* 



€(mfequeatly ^*=^> «»^ **''^i5'*^^3 * 



SXAMPLK8 lOR PRACTICE. 

1. Given-5,y-^2+24»3i to find jp. Atu.ysat^^ 

2. Given x+l8a=3a?— 5 to find x, Anf. jtsssIj^, 

3. Given 6-*2;c-|-i08s20— 3^<-^2^ to find jev 

Anf. X3s2. 

4- Given a7+|ar44^"'='' '® fi^<^ ^-* Anf. x^s^t. 

5- Given 2a>-*|x4-i»5<3r— 2 to find «. At^* ^"»^- 

^. Given 3tfj:+— ^3SBlfcc— <i to find «. 

^ - 6— 3<i 

G.2 



fo SIMPLE EQV AI^ONt. 

1 6 

7. Girenlx+ \ m {x»r- to find jf> Arf.x^ , 



8. GiTen %/ii+*aBa+v^x to find x. ^i/. «« 



«* 



Q« GtTcn x4-«s to detcmmie «• ^a^ x»-^--, 

lo. Given %/4i^+j|2»(**+x*)i to find x. 

Vtf+x 

s 

13. Given —1»4.«JL-.ss^. to find «• 
i+«^i - 



13. Gtfcn ^+*^s/aH'9e^if'j^t^^ to find ». 



7 4« 



PROBLEM L 



To exterminate two tmknmun quantUie»y or to reduee the 
two eintfUe eguationa containing them^ to a dngU one/' 



• &ULS I. 

V, Obftrre which of the unknown qnantities ii Ae 
leaft invoUedi and find its value in each of the equa- 
tioniy by the methods aheady eiplained. 
\ a Let the two values thus found be made eqnal to 
each oxhttf and there will arife a new equation with 
only one unknown quantity iatt^ wbofe value may be 
found aft before. v 
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BZAMrbB*. 

From thefirfi tquatiim x= . ^~?Jf 

a 

And fr§m the second xaae n. , ,■?» 

s 

^ » 5 

Or IJ^sall^ 2OSX9J ; 

19 

2 

3« GiTen -j ^_^!i f to 6ttd « and jr* 

/rbm the^fi equattkm xssa— ^^ 
And from the ttcond »s=hr^y^ 
7htrefore «— :f =^^4.^, or, ayan*— |. 

Cons€ family jfss , and n^^-~-y. 



Of X^ssO"^ is — ^^— 



From thefirfi equatm te^s 14 «-^ J!^ ^ 

3 

And from the tgiond xs34-— ^ 

2 



^t SIMPLiE EQUATIONS. 

# 

Tberifire 14— ^-a^— 3^1 

3 2 

Jnd 4a— .*jrs«72— ^ 

Or 84— ^aBi44--^ 5 
IVbence j^b 144—84960, 

5 

Or x«i4— 3?^«i4— il«6» 

3 3 

4. Given 4x-|-jrs34, and 4x-|-»m6 to find « 
and jr. ^1^ «xs8»«n^jp^2* 

5. GiTenif+2-9.,aad3f+V=lL. to find :r 
5 4 ao 4 5 120 

andv, AnJ.x^— amd jf^-, 

i . 2 • $ 

i 

6. GiTen »+/«/» and j:^ — :)p'si/« to find x and jr. 

^ jtftf, JTsBE — L^^anayaa « 

2/ 2/ 

7. GWen x— jrWi and x:^::ff:fli, to find « 
and/. 



AULE II. 



1. Confider which of the unknown qnantities yoa 
wonld fir II exterminate* and let ic6 Talue be foond in 
that equation where it is leaft involved. 

2. SublHtute the value, thus found, for its equal in 
the other equation, and there will arife a new cquatioDi 
v^ch only one unknown quantity, whole value may be 
found a& before. 
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BXAMfLBt. 



I 

I. Given f/+*^'*''7|toi;nj^3nd^. 

From tbejirft ^uation x^iy-— 2jr. 
jtmi this value fubftituted for x in the/ccondf^ivei 

(17— ijr)X3-:r='at 

Or §1 — 6y — ;jra=2, or 51— ^7jf«a ; 
Thai is 7jf95i^*2s49; 

H^AeMceymz^^j^ omlxtBii'j — 2/S17— I4ss3« 
a. Given f ^+J'~'3l j^ find ^^and t. 

^x— jr= 3 J -^ 

/rojw thejirft equation j?-s= 1 3— ^. 
^jm/ M// W»^ being fubfiitmSed for x in the tdg 
gives 13— -y--y=3, or 13— a;a=3» 

That is 2jP=aI3 JasIO* 

Whence y^^^Sf if«4/x=aI3— jfaslS— 5s=s8. 

a 

3. Given |^-*:j,*^-jj to find* and :r. 
The fir tt analogy turned inio anequatiom, 

iihxa^say^ or Xsa:.JL, 

jind thii value ofx Being fuhitituted in the xd, 
gives (^^y+y^=zc ar^+J^=*, 

Or fl«jr»+4»jr2s:<*», »r ysr-^,, 

a "F* 



'•*^ 



«« 

.•'* 
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§ .. 



4. Gtvea ajv+jj^^ii, and 3»— 2x«Btiy to find jt 
and jr. 

Am. X1K5 mul y^iZ. 

5. Given— }-7jf*£999 and'^-^jx^azgi, to nod x and jr. 

7 7 

6. GWcn i— 12?=2+8, and Jlil+'—g* 



» ^4 5 3 4 

4-27, to find X and jr. jln/^ xn6o amdy^»^, 

7. Given 0:^::ar;jF, anichf^— jr^»i^ tofind jrand jr. 



or ; jF, anjflhfp^— jr^»i^ to find x and ji 



auLS 111. 

1. Let the. given eqnationf^be mnltipfied or divided 
by fuch numbers or quantities as will make the term 
which contains one of the unknown quantities the fame 
in both equations. 

2. Then hj adding or fubtrading the equations^ ac- 
cording as is required, there will artfe a new equation 
with only one unknown quantity as before. 



IZAMPLES. 

u Given j3^+ly-=4ol to find a: and v. 
I ^4-2jr«i4j -^ 

. Ftrsty mmltifiy the/uwd equaiUn by 3, and it 

Then from the last equation Juhtra8 the firsts 
and it nuill gwe 6jr-7r5[^'»42-— 40, or y^a^Zj 
and therefore orss 2 4--'2y ss X4—4S XO. 



^^^ 
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JLtt thtfrst eqvatUn bt mutiipTted fy 2^ und iht idhy 5, 
and ^weJhaH have - loa:-^ 6y=i8 

icxc+25^=s8o 
.rf^w/ if (he former ofthtfe be fubtraatd from the loiter, 

it wiHgive 3ijr«a62, ©r t=s— =asa« 
Andctmjefuemly «aft=2jL3?, fy the first equation. 

Or x»2+^«^J«3. 
5 5 - 

Another method. 
Mukiply the first equation fy 5, and the feeond by 3, 

and wefhaU have \^l'"T^^^^^l 

Now, let thefe two equations be added together^ 

and the sum wU be ^ix'ssm^ or xssSAsb^x^ 

31 

And consequently y^=^. ■ by the second equation;, 

/^ 16—6 10 X - 



MISCBLLANBOVS EXAMPLtf^. 

1. Gircn fii+8jrar3X, and-tti j. lojc » 192, to 

3 4 ' "^ 

find « and jr. ^^. x^\^ andy^i* 

2. Given ^-^^+I4«i8» and*ilfc?+i6»=i9» to 

^ 3 

find J7 and y. Anf x^^ and y^^z. 
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J. Given 2f±i!+ii-8, «ad ZTZ^f _y=ii, , 
. 6 s 2 

ind X and/. -^i?^ x»6 amdy^r^t 

mx^mmcf and dx^^f^to find » and^. 




PROBLEM II . 

7b exterminate three unknown muouitieey air to reduce thi^ 
three nntfde equatiomn containing them^ to a mngle one. 

&ULE. 

I . Let %f jr, and s, be Ihe three unknown qaandtiei 
to be ezteitninated. . 

a. Find the Talae of » from each of the three given 
equations. 

3. Compare the firft valae of x widi the fecond^ and 
an equation will arife involying only y and %* 

4. In like manner, compare the firft value of jr with 
the third, and another equation will arife involving onlf 

y and %• 

5. Find the values of jr and x from thefe two equa- 
tions, according to the' former rules, and x, y^ and %f 
will be exterminated as required. 

Note. Any number of unknown quantities may be 
exterminated in nearly the fame manner ; bur the?e are 
often much (horter metlio ds JV» performing the opera- 
tion, which wiU be beii les(^Hjjbm pradice. 




t. * 



■ 
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B7AMPLBS^» 



_J( I . Given < 5^23;+ ja;=te6r V m fOxi dlf^ j^ itA ^. 

-Frowf thejirji x=29— j» — s. 
iFrwH /iJr fecond x=:62— 2y— J«. 

3 * 

Whence 29— jr— »a=62 — 2jf — 3*, 

3 * 
-4^9 from the firjt of M^^— 33—- 2«* 

jIJ • And from the fecund jzsiZ'j^^ •=— 1 

Thirefore 33^2»=27— ^ ^r «=12, 

^~ 

Whence also y^^SS — ^* ^SJ^ 







U 



2, Given < f^+|y+T*=47 H^ ^^^ jr, j^ andz, 

I Firy?» thepven oquationsi cleared rffroGhntf become • 
*^ 1 2X+ 8y+ 6af =5=1488 

20X-i-I5:jr-j-I2i=2820 

J 30j?+^4jr+20JS=fcr456o 

' And^ if the second of these efttaribni be sttbtraSed from 
double the firsts and three tmei tl^ thM from five fmei the 
mond% nve fhall have 

4jr+jF=:i56 

10JC+ 3^=420 

H . 



' % 



t 
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jttui agaatf if the snmid pf these, he stAtrmSedJrom 
timi thefriif it wiB give 

Therefpre jr«»i56— 4a:«a6o, and s»li 2, 

3Bl20« 



tbm 



•— l2Jr 



3. Given x4^4.s»53, ir-f->jr+3s<"X05, andx+^y 
•f>4ftni34ff to fiod Ki jp amd s. 

^w. jpsB24t jraK6» and sav2j« 

4, Given jr+/astf, x+saB^f and/ l yT y tofindx^jr 
and »• 



5. Given < //x+tf/+/«»>r« 



> to find IT, jrt 



and z. 



A COLLECTION OF QUESTIONS PRODUCING 

SIMPLE EQUATIONS. 

I . ^To find two ndmberst fuch that their fom (hall b« 
40» and their difference 16. 

Let X denote the hast efthe two numhert rtquiredf 
Then itfUi x-(- 16= to the greater f 
jind x-{-x+ 1 6^340 by the quetti^Mm 
Thai is 2x99940— 1 6»: 2 4, 

Or xmc^^ssit^Bz least numter. 

z 

jfm/x4^ i6ai 2^ i6n28 w greater mtmher regmireet. 
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2. What nanber 18 that whofe y part exceeds its i 
part by j6? ^ 

X^ xss number required^ 
Ti^M w/^/ ftr 4 /or/ U -, am^ iV/ i part — ; 

And therefore -%—.—«» 16 fyihe quesiion^ 
o • 
. 3^ 

T6at is, j>— — as 48, dr 4X — 3x8^:191 ; 

4 
Whence x=s.igz tbe number required* 

3. Divide loooL between a» b, and c, (o that ▲ fliall 
have 72l.4nore than b, and c lool. more than A. 

^ Z^et Xsx f^^tjhare of the given sum. 

Then «tfi//j7-f-72» i^sjhare. 
And j:-^ 1 7 2 = c*/ fhare, 
\ And the turn of all their Jhares x +* +7* +*+ 1 72v 

Or ^x+2^^^lOOO by the question^ 
\ That is 3jr=ssioo«— 244888756, 

( 0rjrs-i^^8SE2(2l. aB'x/(arr« 

3 "^ 

^ii^/»-f72sB252-f 72838324]. «BAVjA«rr. 

^iv</x-|-i728as2524>i72K8424l. sb fsjbare. 

252!. 

/ 324!- 

L 424l- 

[ 1000I. the proof 

4. A prize of loool. is to be divided between twe 
perfons, whofe (bares therein are in the proportion of 7 

' to 9 ; required the (hare of each. 

Lit X'\- first person^ sfhart't 
Then will 1000 — x sss second person* sjhare, 
And xiioOQr-'X : : J ig, by the fueslion. 






go SIMPLE EQUATIONS- 

That h gxitx{ lodo— J?) X j^^ooo-^x. 

Or 9^?+ 7 JCaBBl6«aBs7000, 

IVhence xaJ^^^^X, lOS.«r utjhare, 

lO 

And looo— •a!«=iooo— 437I. ios.^s6i\* los. tijbare* 

5. The pa?iBg of a fquave at asJ a yafd, cofts as 
much as the inclofing it at 5s. a yard ; required the fide : 
of the fquar^. 

htt x^Jide of the square sougbtt 
Then 4a:=s yards cfinchfirff 
jind Jc2 == yards of pavement ; 

Whence 4^ x 5 ==20j?= price ofmchjing^ i 

And Jr2 X 2 == 2x2 = price of paving, 
jind 2a7*a=20j: by the quetftm. 
Therefire 2;r=JO, and j?=i05= length of the Jtde re* j 
quired* 

$. A labourer engaged to fcrve for 40 days upon ^ 
thcfe conditions, that ff^r every day he worked he was 
to receive aod. but for every day he played, or was 
abfent, he was to forfeit 8d. now at the end of the 
time he had to receive il. iis. 8d. it is required to 
find bi>w many days he worked, and bow many he was 
idle. 

Let X he the number of days he worked f 
Then nviil 40 — x be the number of days he ivat idle* 
Also X X 20=20x= sum earned, 
And{^o — x) x^=S2C>-^Sx:=s sum forfeited, ^ 

Whence 2o:c— (320— *8x) =3801/. (il. lis. 8d.) by 
the question; that is, 2p— 320+8x=38o, 
Or 28jr=38o+32Q=7oo, 

And x=*^-^K=25= number of days henvorhed 

^if/f 40— j:"=40 — 25=15= number of days he was 
idle. 



SIMPLE EQUATIONS. 8i 

^ ' 7* Oot of a caik of win«, which, had leaked awaj -f 
21 gallons were drawn ; and then» beine gauged, it ap* 
peared to be h A full ; how much did it hold ? , 

Lei it be supposed to have beU x galhnsp 

X 

Then ii wovid have kaked^galUnsf 

And consequently there had heen taien anuaj 21+ --gattotH, 
fiut 2I-I — ss— by thequestwi' 

That is 6s+x^^^ 

2 

Or i26+2x=:3a:, 
Jfence 3X— -2Jr=»i26 
Or xssii26sss number of gallffns required. ' 

8. What fradion is that to the numerator of which, 
if r be added, the value will be -f ; but if i be added to 
the denomioator, its value will be ^ ? 

Let thefraQion he represented by * 
Then wUi — ss — , 

y y 

Ami — T" "■"^ 

y+^ 4 

. Or S^+SSiy, 

P And^;x:xy+if 

Jfence^ — 3X— joyr+i— jr, 

That is a? — 3»if 

Or XaB4, OIW/ J'2=3*+3asI2+3aBlJ^ 

So that "^^ Jraffioa required. 

H 2 
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9* A market woman bought in a certain number of 
eggs at a a penny » and as many at 3 a^nny, and fokl 
them all out agam at the rate of 5 for two-pence,, and 
by fo doing loft 4d« what number of eggs had (he ? 

Lset X =: number ^ eggs of each torff 
Then win - ss price of the Jlrsi lori. 



9f 



And — sa price of the second sort. 

But 5 : zixtx {the 'wbtde number of eggsy^^ 

Whence "Z price of both sorts t ettfioefor zd. 

Atsd — y-^^^^^^h) the question. 
335 

^. . , zx %X fy 
That ts JC+ — — "— =8 ; 

3 5 

Or 34:+4jri— ilf =44 , 

5 
Or 15X+10JC — 24x=iao» 
Whence arssiioss number of eggs ofeaci sort required. 

ID. If A can do a piece of * work aloae in ten days 
and B in thirteen ; fet them both about it together, in 
what time will it be finiihed ? 

Let the time sought he denoted hy Xf 
Then lO^days : i ntjort : ; xdays % rr 

jtnd 1 3 days : i wori x zx days : — 
Metiee — ^-ss part done by A in x days \ 

X 

And TT^B part done by B in n days. 



i 
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X ^ a: 



€oiu£mteniIy ^ + ^^t:si ; 
• 10 13 

Tbdt is Jf.+±ssi^,ar i^x+ioxssi^o ^ 

IQ 

Jtnd therefore 23Jr=»l30, or x^-^9sz^i\daytttheliftte 
required. ^3 

« 

1 1 • If one iigent ▲» alone, can produce an effedt e^ 
in the time n, and another agent b, alone, in the time b ; 
in what time Will tliej both together produce the fame 

cffca ? 

Let the time sought he denoted hy Xm 

ex 
Then uxexixi — ss fart of the effeS produced ly A, 

ex 
And hieiix I rr part of the effeS produced hy b, 

o 

fVbefue ^+^ssehy the question ; 
ah 



Or ii+^«M 
a b 



That isxAr^ ssza $ 
h 

Or hx-^ax^Bzha ; 
And confequeutly x= —7 time required 

(tyfiSTions FOa paAcriCB. 

I • What two numbers arc thofe whofe differ^e is 
7, and fum 33. Anf 13 and 20* 

2. To divide the Aomber 75 into two fuch parts, 
tbat thret times the greater may exceed fevcn times the 
left by 15* Anf ^^.and 21, 
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3. li) a mixtore of wine and cytfer» 1^ of the whole 
plus 25 gallons was wine» and \ part mna^K gallons was 
cyder ; how many gallons were there of Wch } 

Ans, 85 ofnmne^and 35 cyder* 

y 

4. A bill of 120I. was paid in guineas and moidores/ 
and the number of pieces of both ibrts that were ufed 
was juft 100 ; how many were there of each ? 

Am, ^ocfead. 

5* Two travellers fet ont at the (ame time from Lon- 
d6n and York, whofe di dance is 150 miles; ofne of 
them goes 8 miles a day» and the other 7 ; in what time 
will they meet i Ans. in 10 days* 

i 

6. At a certain eledion 375' perfons voted, and the 
candidate chefen had a majority of 91 ; how many 
votdd fur each ? Ans. 233 for one 9 and 1 42 for tbe other. 

7. What number is that from whicb»tf5be fub- 
Aradedi \ of the remainder will be 40 ? Ant 65. 

8. A poll is i in the mud, \ in the water, and 10 
feet above the water ; what is its whole length ? 

Ans. Z^feei* 

9. There is a fi(h whofe tail weighs 9/^. his head 
•weighs as much as his tail and half his body, and his 
body weighs as much as his head and his tail; what is 
the whole weight of the fi(h ? Am. jitt. 

10. After paying away i and -f of my money, I had 
66 guineas left in my purfe ; what was in it at firft ? 

Ane,' 1 20 guineatm 

ii« A*s age IS double of b's, and b's is triple of c's, 
and tbe fnm of all their ages is 140 ; what is the age of 
each I Ans. a'sss84, hhssz^z^and c'saBi4« 

12. Two perfonsf a and a, lay out equal furos of 
money in trade, a gains 126I. and a lofes 87]. and a's 
money is oow double of b's; what did each lay out ? . 

Am. 300K 
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13. A perfon bought a chiife, horfe, and harnefsi 
for 60K the h^tfie came to twice the price of the harnefs^ 
and the chai(»jto twice the price of the horfe and har- 
aefs i what did be* give for each ? 

jfnt, 13/. 6/. SJ, for the iorsCf 61, i^s. ^,for the 

harness % and 40/. for the chaise* 

14. Two perfons, a and B9 have both the fame in- 
come : A faves f of his yearly, but b, by fpending 50I. 
per annum more than a, at the end-of^4 years finds-him- 
felf lool. in debt : what is their income? Ans. 12 ^l* 

15. A perfon has two horfes, and a (addle Worth 50I. 
now if the faddle be pot on the bs|ck of the firft horfe, 
it wH^roake his value double that of the fecond ; but 
if it \M pot on the back of the fecond, it will make hts 
valae triple that of the firft ; what is the value of each 
horfe ? Am, One 30A and the other ^6i, 

r6. To divide the number 36 into three fuch parts 
that I of the firft, -f of the fecond, and i of the third, 
may be all equd to each other ? 

Ant. The fartt^re 8,* 1 2» and 16. 

17. A footman apeed cO ferve his mafter for 81. % 
year and a livery, but was turned away at the end of 7 
months, and received of^ly 2!.*^ 13. 4d. and his livery; 
what was its ralu^? Azj. 4/. s6/. 

18. A perfon was defiroos of giving 3d. a-piece to 
fome beggars, but found that he had not money enough 
in his pocket by 8d. he therefore gave them each 2d. 
and had then 3d. remaining ; required the number of 
b^gars? Ans. 11. 

19. A hare is 50 leaps before a greyhound, and takes 
4 leaps to the greyhound's 3 ; but two of the grey- 
hound's leaptf are as much as three of the hare's ; how 
many leaps muft the greyhound take to catch the hare ? 

Ans* 300- 



•» 
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20. A peribn in play loft^ of his money, and then 
. won 3 fbillings ; after which he loll •}• of what he then 

had, and then won 2 (hillings ; laftly h^Joft 4 ^^ what 
he (hen had: and, this done, found he had hut 12s. 
remaining ; what had he at firft ? ^ns, 20s. 

21. To divide the number 90 into four fuch parts, that 
if the firft be increafed by 2, the fecond' diminiHied 
by 2, the third multiplied by 2, and the fourth divided 
by 2; the fum, diflFerence, produd, and quotient (hall 
be all equal to each other. 

jins, The parti are 18, 22> lO, and ^o^ retpe^ihelj* 

22. The hour and minute hand of a clock are exadly 
together at 12 oMock; when are they next together? 

25. There is an ifland 73 miles in circumferetRe, and 
three footmen all ftart together to travel the fame way 
aibout it: a goes 5 miles a day, b 8, and c 10; when 
will they all come together again ? ^/i/. 73 days* 

24. How much foreign brandy at Ss. per gallon, and 
Briti(h fpirits at 3s. per gallon, muft be mixed together 
fo that in ielling the compound at 9s. per gallon, the 
diftilltr may c? ^ ^oper cent ? 

yfii#. 5 1 -gallons of brandy^ and 14 ofipirtSi, 

25. A man and his wife ufually drank out a ca(k of 
beer in la days; but when the man was from home, it 
iafted the woman 30 days; how many days would the 
man alone be in drinkins^ it? Jint. 20 days, 

26. If A and B together can perform a piece of work 
in^8 days ; a and c together in 9 days ; and b and c 
in 10 days ; how many days will it take each perfon to 
perform the fame work alone ? 

Jins. A iJ\i^dayst B 17JI, tfWc 23-fr- 

27. If three agents, a, b> and c, can produce the 
cffedls £1, 3, ?, in the times e/f gt refpeftively ; in what 
time would they jointly produce the effedl dl 
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QUADRATIC EQUATIONS. 

A Jimpk quadratic equation is that which invoWes the 
fqreda of the anknown qaantity only. . ' 

ifn adfe&ed quadratic equation is that which involves 
the fquare of the unknown quantity, together with the 
produa that arifes from mohiplying it by fome known 

qpantit^r.^ 

llMr^^fth% u ajmple quadfieS^ tquailtnh 

'And ax^'^lx^^c^ it an adfeBed quadratic eqa^iotf. 

The rule for a iimple qaadratic* equation has becQ 
gffen already. 

All adfeded qnadratic equations fall under the three 
following forms : 

2, x^^-^axsash 

(The rule, for finding the value of te, in each of thefe 
eqoationsy ts as foUowa : 



I. Tranfpofe all the terms which involve the un- 
known quantity to one fide of the equation, and the 
^ known terms to the other, and let them be ranged ac« 
cording to their dimenfions. 



* The fqvare root of any qmntit^ may be either -|- or — > and 
tliercfiM-e ui qvadradc equations admit of two folationt. Thus the 
f^wc root of +•« is 4-" or —^ ; for (+•) X (•+•*; or J—*) X \.-"») 
»c each equal to +«*, but the fquare root of — ^» or V"^*» *• 
'''^•giiiaiy or impoffible. 
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2. When the fqaare nf the unknown quantity has any 
co-efficient prefixed to it, let all the reft «f the terms be 
divided by that co-efficient. 

3. Add the fqaare of half the co-efficient of the (e- 
cond term to b<>th fides of the equation, and that fide 
which inirolves the unknown quantity wiU then be a com- 
plete fqiiare. 

4. Extrad the fquare root of both fides of the equa- 
tion» and the value of the unknown quanthy will be de* 
termined as was required. 

N0U9 z. The fquare root of the firft fide of the equa- 
tion is always equal to the unknown quantity» with half 
the co*efficienr of the fecond term fubjoioed to it. 

2. All equations, in which there are two tertti9 in- 
volving the unknown quanMty^ and which have the index 
of the one juft double that of the other, are folvcd Kke 
quadratics, by completing the fquare. 

Thust x^+ax^^Bf or ««"+fl«"^, are $he 4ame as 
quadratici^ and -the vaiue of the uninonvn Quantity may he 
determined accordingly . 



So, in the firft form, (jc^-ftfxs*^^ where «+|a is found «& 
»^(if JJtf*)'the root may be either ^+ (M-i«^ or — ^(^+ftf*) 
fince either of them being multiplied by itfelf will prodnce b>^^\ 
And this sonbiguity is ezpreffed by writing the uncertain ^gn ^ 
before s/ijk-^^a^^ ; thus»i-± V (^+i<i^)-^^. 



In this form, where «»fc±^(*4-i«*>— ^a the firft vslne of 
Ir, vii. »f«4-^(4 — J^fl* — ^a is always alBrmative; for fiace 
^a^-i-tfi* greater than ^«S the gre&tefi fqnare muft neceflarily have 
the grcateft fquare root; therefore ^(^h-^ ^a^) will always be greater 
than i^^«^, or its equal |«; and coftfequently J^^^b^^^^j^ 
will always be affirmative. 






I' 
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EXAMPLES. 

1. Giren x'+4^=:i40 to find x, 

Firs$f a:*4-4^+4=l40+4si44 h compkik^ the 
sfuare. 

Them ^(j?*+4J^+4)=i/i44 ty extraSuig thi rod ; 
Or^ nifhich ir the tame things x-f-2sBi9y 
And therefore jrs:i2— »a=xo. 

2. Given jp«— 6x+8=8o, to find x. 

Il Font flr*—6x«8o— .8^=72 by trampotithn. 
Then jc*— dr+9=:72+9i=8i by completing the equate. 
And X— 32:^81=9 hy extrailing the root* 
Ther^ore xcbs9-|-.3ssI2. 



Fafi 



The ieoond irahK, ▼». irw^^(^^j(aS) — |a, will ahrayt be 
aegathre, becanfe it it compofed of two negatiTe temu. Therefore 
when m^\awh^ we ihall have «» -f- v ^"^ i- i«*)^a for the 
aSfmatrre Tafaie ef »/ and m-b— .^(^4. ^a^}—^ fee the aegative 
[ vahie of «• . 

I Ia the iecond farm, where m»m±,^(h^^t^'^>^^^ the firft ▼•be, 

^. «^4- \/'(* +4* ' )+4« w alw«yi affinnatiYe, fince it ti compofed 

I of two aiffirmatiye termt. Ihe fecood value, vis »-= — V^^^H-ia') 

r i-l-ytf wiU always be negative; for fince k-^^a* is greater than ^a*, 

V^(i+|a*) will be greater than s/^a-, or its e^iud \a ; and confer 

^oitly '•^y/\jk -)- i«')-t-j^ >• always a negative ^antity. 

Therefiure when ic*-^jr»4 we flnU have i»i^4- v/(&-|-itf *)44a 

far the affirmattve vabe «f %% and ««— ^/(^ 4- 1^*)^.!^ for the 

Bcipttve Yatee of « ; fo that in both the firft and fi^cond foms, the 

'unknown qnantity has ahrays two vafaiety one of which is pofitivet 

and the other negative* 

I 
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90 QUADRATIC EQUATIONS. 

3. GiTcn 29^+836 — Joasyo, to fiad «• 

Them x«+4Jp=45 ^ tUviding by 2^ 
j/nd x*+^+4,ss^g hy cmt^ing the square ; 
Wktnee ^4-9=^49=7 by extraaing the root. 
And comequentfy xsy— 2^:5. 

4. Gi¥«ft 3JiS-«^«+6a>5-f to ftid X. 
Here x* — jt^-isbI^ /||r dhfUUng hy 3, 
And. 9^ — ttwK i^a ^ tKontfoMon ; 

And a— jaa^^sii^ 3jp evolution. 
Therefore jraB^^-l^a^ the answer. 

5. Given — - — h ^0)^424 to find «. 

/Tifrtf -— — •^»42|— 2o|a=22| *y irantfesUitm* 

2J? 

if«</ ;p»-— aa^^ • TJ^ multiplying by 2 

2.3?' 

^ ir&»ic« *•— -++-44T+T=44i *>- confuting the 

Therefore m*s^6\+-\^'f the anpmer. 



Ill the third r<jrm. where «a.i:^(j^._^)+jL, bothrfic ^««es 
of * will be pofitive, fuppofijig \^^ • is greater than L For Ac firft 
▼aluc> via. « -r ^ J ^a*-^)•\^^a wUl then be affinnativc, beiair 
Compofed of two a«rmative terms. 
The fecond vahie;iri«. *«:^^^-^« ^) + ^ U affinnatiTc; fcf ^ 
' *; V "g'c^^^-^haa 'i.**-^, </!«»« Ja is gfCBter than 
^«'**' 7^5 *iidcoiif«5JeiitJy^./(itf»--^ 4.4awiU«hwy8*e?a« 
affimuum qtiantitf - -fkeiefare/ when .^^..^sa*^, W« IhaHfaims 

affirxnatiTe traluct of j^* v v*- / t^ « 
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6« Given ax^+^temmtf to find x, 

h ¥^ c ¥^ 
Then xH— x^ — '^ "■^+ -^•^J'^^^Sr'^'V^^ squart^ 

7, Given ijtr*— 5j?+tf«as^, to find «. 
/f^^y ax^ — hx^sj — c by troasposUiWf 

Alto a:«— -ic+-^ ss J- h eompleting the square ; 

a jyi^ a ^4ii» -^ ^ ^ 

8. Given jr* + 2<ix2«^, to find jr. 

i?^^, x*+2ax^+a^^BssB+d^ by comf feting tke square, 
Jnd xi+a^^{b+a^) fy evolution; 
Wieme x^^^{b+a^y 



And constquentfy j^sss-^/— tf+^^^+^i^). 



A.- 



KIM 



But in this third form, if k hejreater than \a*^ the folutiou o£ 
the propofed queftson will be impoffible. For fince the fquare of any 
funtity .-whether that quantity be affirmatiye or negative is always 
affirmative, the fquare root of a negative qnantity is impoffibleft and 
cannot be affigned. But if ^ be greater than \a* , then i^*— ^, » * 
negative quantity ; and therefore ycja*—*) is impoffible, ©""J^^^^ 
ginary; confequently in that cafe ««4<^^(i*'"^) ** tmay« 
impofl|b\e» or imaginary. 
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9. OtTen imt"—- ^jt^— f aB*-^i/^ to find x. 
Fir/if ax'-^x^as^w^ J fy transpontwh 



Jimd x^-JLftlzz^:::^ by Avf/im. 



Ah9 x"-^af'+— «5— ^— j|r com^etwg tie sfUOPi. 



Atuleiuefatiitfyx^fL^ ^ 4^^-4^H-> \r 



• i 



tXAMFLBS F0& V&ACTIC»« 

I. Given »*-— 8x+io«Bi9to find x. Am.K^^ 

^ 2. GiTca x*— OP— 40=170 to find x. .^A/1 xa»i5. , 

^ J. Given 3x<+ax-^»:76 to find x. ^,^, x=rj. ' 

^ 4. Given ix« — ;x4.7|b8 to find x. Anf. x«if 

5. Given 2x^— x»a:496 to find x. ^1^. xssf 

d.;.^Given fr — f ^x»22^ to find x. ^w/. x«49. 

!». Given ^«»+jx=rf to find x. jtm. 6689. 
n^Given «*^+6x3=2 to find x. 

Ansn xsbV — ^3±v^n' 

9. Given xs+x=/i to find x. -/fa/ x=s^(4i+^)— }• 

10. Giv^B A? — V^xsif to find X. 

f I. Given 3a:««— 2x»«s25 to find x. ^ 

.^ \_ ' ^«/. ^«(i^76+4)"- 

12. Given V i +^7^2 Vi +x==4 to find x. 
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qyESTIONS P&ODVCING ^ADILATIC IQpATIOllt. 






1. To find two numbers whofe difference it 8|,aad 
prodad 240. ^ 

c 

Let x^UtheUaJtnumher^ 
Then wil ±+8 = to the great^^ 
And XX (x+8)=x2+8x=240 hy the quefikn ; 
Whence x2+8x+i6=;240+ 16=256 hj ctmpiettng tbt 

tquare. 

Also a7-|-4=v'256=t6 hy evoluttoni 

And therefore x^i^^/^^l^^ Ufir nwm^rf^mui XZ+S 
«=20s= greater m 

2. To divide the nomber (^ into two facb partt that 
their produ6k may- be 864. 



• - V 



Let X s= greats P^^* 
Then tvtll 6b-i^=» /<wx, 
ifod':rx(<5o—^)=6ox— ^2=864 hy the quefimi 

7iJfl/ « i«*— 6ar«— 864 ; ^ 

Wbme a:8^6ox+900«— 864+900:^36 ^jf compief$t^ 

, the square. • , - 

^Ao X ^o^^s6=s6 hy extra^ing the root ; 

^/i</ ^^r^w x=6+30=:36= greater part, 
^«i 60— x.=6o— 36=24 /^^r. 

3. Given the fupi of two numbers =aio(/i), and th^ 
frnn.of.lhcir fquares =5»(^)'^® find tiiofe numbers. 

Let x^ gruterrf theJ9va9Uinkrtt 
Then tviUa^^-<x:^ less. ^ 

a^ h 

Or xa+- -r-*»(W Jjb.f%*?w* 

la 



V 
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Or 3fim^4wtx}..^^ 9i^Z:z,hy transposUim. 

2 2 2 

4 3t 4 4 
square. 

AJU^ :t— > ^a iJ hy exiraiimg tie root $ 

a 4 

And ilherrfmrf x^±y / ? ■ +^gnaier number. 

4 * 

And^{t±,f±=^) ^±^±:t+±^kfs 

\a 4 / 4 * 

Henee tbrfe tmfo tbeormtt kif^ put into numbers f zhe ^ 
ami 3> /or tie fmmbers required. 

4* Sold a piece of cloth for 24!. mi gained as tnodi 
per cent, at the cloth coft me ; what was the price of the 
cloth i 

Let xiB pounds the cloti eofi^ 

Tien 2^^^'<rss whole gain. 

But 100 : M : : X : 24 — x by tie quefiion^ ' 

Or a:»=: lOOX (24—^)= 2400— lOOJ?, 

IFi^miTtf a:«+ioox+25oo=:a40o+25od=490o *jr ^»- 
pieting tie square, 
jfnd ^+50= V4900-SS70 by extraSton of roots, 
Conseqnentiy XS8S70— jobbioL ^sl price of tie cktb* 

5. A perfoa bought a oumber of oien for 80L and 
if he had bought four more for the fame moneyv he 
would have paid il. left for each : how many dkl he 
buy? 

Let tie menhir of nxen be represented ty x^ 

Tben mnO -^ te^pHce ofeaeb* 



J 
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^nd -— -. ^fme tf jeach^ if x+4 bad<oft 80/. 

Bui —=:— — hi by the fueftitm. 
^^ -*t4 

Or ^^^2!L^x, 

Or 8ojp+320=:8ar+x«+^ 

That is x»+4j?=:3ao, 
/ri«irtfjc*+4a;+4=:3ao+4=r3a4 /[y completing tbf sfuarf. 

Ami 07+2=^324=18 itx evolutumi 
Contequenily x=:i8 — 2=1 6b utim^r ^m^m refmred. 

6. What two nnmbers arc thofc whofe ftiro, prodod, 
and difierence of their fquares^ are all cqusJ to each 
other? 

■I 

Let ce:^ greater nwid^f 
Andy^lefit 

Ami I a; ~^ «asx— ^, «r Jrsss;+ 1 ^m the ide^vatm, 

-^ioty+O+Z^Cy+OXj^/wai tie/rft eguatuuh 
Orzy+l^f+y, ^ 

Tbatuy^-^rsjf 
Whitteey^^^-k-i^ss^iiiy eampktif^ the square f 

Alsoy^l^^iitm^l^^h mohtimh 
2 42 

Consequently y^^+l^^i^ltl, amlx^y+t^^^l±2 

2 2 z " 2 * 

And if these exprejms he turmd into numhers wo JbaU 
have xzss2.6lSo+ 
imd ysai»6i9o+ 
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7. There are four noinhers in* ari^nefkal progref- 
fion, of which the prodod of the two eztreines i» 45, 
and that of the means 77 ; what are the nnoibert ? 

Let X9K kfe extremtf -■-"^ 
anJysK eommom i^ffirmce. * 

7%^mc,jc+jfyX-f.2jF9 J^+U'j mil h tbt fmr mwmherti 
and if X (*+ar)-^+3^J'«45 . 1 4r ^ 

•yatmjwm* * 

Orj^^m^i6ss^ hy evolutim. 
Therefore OS* +ixy^x^+i2x^j^^ by the \fi equg^om. 
AUo jr»+ 12^+36=45+36=81 by completing the fymnre^ 

^fiif ar+6=^8l =9 ij; /& extraction of roots. 
Consequently x=9 — 6=3, and the nmmbers are 3, 7, U 
and 15. 

8. To find 3 nombers in geometrkal |»rogreffio8i 
whofe fum ihall be 14^ and the fom ^ their ffuares 

Let spf y, andz be the numbers sought^ 
Then x%^ssy* by the nature of proportion^ 

£utx+%^l4,~yby the id equation. 
Jnd x^+2xz+%2i^ig6 — 28jr+;* by squaring botbjdes. 
Or #c» + »^+2/=i96— .28j>+jf* by putting zyh for its 
equal 2xz. I 

That is x*^z'^.+y^s^ig6—29y by suhtra^n, ' 

Or 196 — 28^=844^ equality t 
I o6-«— f^A. 
Hence /« — ~ — ^^hytranspofifumanddivifion. 
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-* ' 16 

JgaiUf x»aK^ai6« or x=— by the \fi iguathtt^ 

'^M y%J^lAfl|^+4+»= 14 fy tie id equatiath 

Or i6-^4st+;i^=t4z» or 2*— io«=-*-i6, 
Whetae «»r7io«+25s=a5 — 16=9 ly completing the 
tfuure, 
And s— 5s^9»3, or »j|3+5=*»8» 

hersan 2, 4^ t* 

• ' •' 
9. The fodl {#) and the prodod {p) of any two 

oombers being giten ; to find the fnm of the fqoareii 

cabes, biqaadraCtI, &c. of thoie numbers. 

Lft the two numbers he denoted by x andj. 

Then mUl Y^xZ!ti ^ ^^ quepOH. 
But (or-fif )«wjt«+2xy4->»asi» by iftvolutim 
and J7S+2a7y4*^^*~"2jry aB/*«.-2/ by mbtraaion* 
That it jc*+^='*— V=*= '»"• o/^the squares. 
^gaith (^c^j'O X (^+y )==('*— 2/) X/ by muhlpimtihn. 
Or x^+xy X i^+y) +y»=::zs^—2sf, 
Ortfi+sP+j^xss^'^zsf by subfiituting tp fir its equal 



Ana therefore x^-^y^sass^'^^sps* sum of the cubes. 

In Me mamner («3+/)X(»+Jf)s=(/^— 3//)X^'j^ mutttpli- 
cattoUf 

Or x^+xy X {^+J^)+/«/*— S'V^ 
Or **+/X(/»— 2/)+y«#*— 3#2/, by Jubjlliutlng /X 

(j2 — zp)for its equal MjrX(j?*+/*) > 
And consequently^ «*4-jF*a=a/*— 3j2^— ./X(/* — 2/)=#4— . 
y 4rV^+ 2/2= /ffiii ^ /i^^ biquadratesf or fourth powers ; 
-Ai/ tie sum of the ntb. powers is /»— ii/»-«^+«. 

2 V^ 2 3 '^ 
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10 The fam («) and the fum of ithe fqaaret (^} of 
four nomberi in geometrical ptogreffiat being given; 
to find thofe numbers. . ^ m^^M 

Let X andy denoii the iwoJftHK^ 
Then wiii — and ^ he ihe two extremes hy the nature ef 

J X 

preportton. 
Alt9i let the turn tf the t^o meant ^Sf and their froduH 

Then win the sum ofnhe two extremes ssa-^i hy the 

qu^ioH^ and their prodnQ »^ hf the future of pro- i 

portion* I 
CX^+y9mifi — Zp n 

ir/«^J£|^y^^ ^ Vbytke kstptrohkm. 

quejim. /^ «* » ^ 

. Againy '• - +?L sss^ — ,r fy the quefiiottf 

Or X +/«^jrX («— ^)'=#X («-^)- 
But x^ +y ixze- — 3// hythe !a/l prohkm ; 
And therefore p X (a — # ) =/ '— 3// hy eqmRty. 
Or pO'-^ps+^s^pa+zpi'SBj^ 

Or p^sst hy divifiott. 



I 



Whence vr«+(4— >r)2— ^«*«+(«— /)2— j^=s ^ hy ^^ 
^itution. ;*+^' 

b J* ff 
Gr jS-|-^'==--^ — hyrednffion. 
a '2 

Ands^s/i^ + — -I h ^^^' ^ squarCf ami ex* 

\ 2 4a-/ 2a 

traSin^ the root. 

And from this value of /» a/i the refi of the qftfinttties px r» 

andyf may he readily detemmed* 
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,j QUESTION I rO& FRAeTICI. 

1. What two numbers are thofe whole fimi is to, and 
their product 36 ? * jinf. 2 and 18 . 

2. To diirMe the namber 60 into two fuch parts, 
that^ their produdl may be to the fum of their fqpares in 
the ratio'of 2 to 5. jin/l 20 ami 40. 

3.^ The (Kfferev^e of twi> nifmbers is 3f.aiid the 
k diflFefence of their cul^ is 11^7} what are thofe num. 
ha% ? jfn/. z and 5, 

4. A ^onipatiy at a tavern Had 8L 15s. to pay for 
their reckoning; bttt» tfefore. the bili was fettled, two 
of them left the room, and then thofe who remained had 
los. a-piece more to pay than before: how many were 
there 'tn company ? jinf. 7. 

^ 5* ' A grazier bought as many fiieep as coft him 60K 
and» after referving 15 out of the^ojnberi he fold the 
•remainder for 54I. and gained zii a head by them ; 
bow many flieep did he buy f ' Anf, 75. 

6. There are two numbers whofe difference is 15, 
and half their produA is equal to i^e cube of the lefler 
number ; what,jire thofe numbers \ Anf. 3 and i8« 

7. A perfon bought cloth for 33L 159. which he fold 
again at 2K 8s. per piece, and gained by thebafgatnas 
much gs one piece coft him ; required the number of 
pieces ? Anf. 15, 

8. What number is tlvitt which when divided by the 
produd of its two digits, the quotient is 3 ; -and if 18 
be added to it, the digits wili be inverted i Anf 24. 

What two nim^Hjtf ^^ thofe whcfe Turn multi- 
pi * by the greater^^ual to J7 ; and whofe differ, 
et mttltip%d-b}r the leffer i& equal to la ? 

Anf* 4: and 7, 
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TO. To find' a nnniber fich that if joafiibcnidti 
from 109 and multiply the remainder Bf thaenomber 
ttfclfy the prodod (hall be 21. ^^AV ^ 3* 

II. To 4i^«fe 100 mCD two fucb pans» that, the 
fam of their iquare roots loay be 14. 

13. It is required to divide the niimb<n4 into two 
fuch parfti, that their produd beuj be ^4|k^ IS times 
their differenee. • ^f^^o amd 14* 

13. The ibsi of two numbers is 8^ and the^iom off 
their cubes it 1 c'a ; what are the numbers \ 



14. The fum of two numbers is 7^ and the litm of 
their 4th powers is 641 ; what are the numbers ? 

jinf, z and;* 

15. The (om of two numbers is 6* and the fum of 
4heir 5th powers is 1056 ; idiat are the nombert ? ^ 

Anf* 2 ai^ 4* 

16. The fum oF four numbers in arithmetical prK> 
greilion is ^6^ and the fum of their fquarcs is 864 ; what 
are the numbers ? jinf. 8^ 1 2| i6» and 20. 

17. To find four numbers in geometrical progreffion 
whofe fam is 15, and the fum of their iqqpires 85 ? 

A$tf. I9 2, 4,«^bm/8. 

18. It is required to find four numbers in arithmetical 
progreffion* fuch that their common difference maf be 4» 
and their continued produd 176985. . 1 

tdnf. 15, 19, 23, tfW27..| 

19. Two partners, a and a, gained 1401* by trade; 
a's money was three moi^s in trade* and his gain was 
60I. lefs than his ftocic ; and I's iifiAtaeyt which was jd* 
more than a% was in trade 5 months ; wli|t was iJi^ 
ftoek. Anf. lool. 
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or TNX NATVRl AND FORMATION OF 
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nONS IN GENERAL. 



I 

AB eqaations of faperior orders are generated by the 
multiplication of thofe of inferior orSers^ ioToWing tjhe 
I iame anknown quantity. 

Thus, a quadratic eputtim is fbrmcd by the midtipli* 
cation of two fimple equations. 

A cubic equation is produced by the continued multi* 
plication of three iimple equations, or by one quadratic 
and one fimple equation. 

jf HquaJratic equation h generated by the continue^ 
multiplication of tour fimple equations ; or by two 
qdldratic equations ; or by one cubic aiid one fimple 
equ^tian, &c. 

For, fuppofe the unknown quantity to be x, and its 
taloes in ^ny fimple equation to be a, bf e, d^ &c. 

Then thofe fimple equations, by bringing all the 
terms to one jide* will become a?— -ii=:o, X'-^^lo^ 

X— Csaspy JT— J=0, &c. 

And the produdt of any two of thiefe, as {x — a) X 
(x-«^)sso» will form a quadratic equatioUf or one of 
two dimenfions. 

The produa of any three of them, as (x-~tf)X 
for — h) x(«— <)=:9» ^il^ form a ct^ic equation, or one o£ 
mree dfifienfions. 

The produd of any four of them, as {x-^a) X {^ — ^) 
X (jp-^^-c) X {^ — i):Ktf,will form a biquadratic equation, 
or one of four dimeniiODs, &c. 

From hence it appears, that every equation has as 
mar 7 roots as it has fmiple equations which produce 

K 



loa NATURE OF EQUATIONS. 

1 

it, or ai there are nnitt in the htgheft dimenfion of the 
unknown quantity. 

For if any of the Tatues of m (^r, ^, Cf d^) be fub- 
ftituted in the place of x in the biquadratic equation 



(or-^tf ) X {^^) X (j?— tf )x(x— </), all the terms of that 
equation wii^anifh, and the. whole yill be equal to 
nothing* 

And as there are no other quantitiesi ^(\dt% the(e 
four, which, fubftituted in the place of x^ wiU make the 
produd Taniih. it is plain that the equsition cannot 
poffibly have more than four roots, or admit of more 
than four folutions. 

After the fame manner, it may alfo be (hewn that 
no equation whatever can have more roots than it con- 
tains dimenfions of the unknown quantity* 

^o make this fttll fdainer by an example in num- 
bers: fuppofe the equation to be refolved be «^ — icafi 
+35** — 5ar+24=so, and that you discover this ^qaa- 
tion to be the fame with the produA of {x — i) X (*— ^ 
X{:^3)X(*— 4) ^ 

Then it may be inferred that the four values of x 
are I, a. j, and 4 ; for any of thefe numbers being pat 
for X will make that prodoA/ and confeqoently x*^^ 
iOjr3+35j:«— 50jr+a4 equal to nothing, as it is in the 
propofed equation. 

And it is certain that there tan be no other values of 
X befides thefe four ; fince, if any other number be fpb- 
ftituted for x in thofe^fadors, none of them will vanifli, 
and therefore their produd cannot be equal to nothing, 
as it ought to be by the equation. 

The roots qi equations are, alfo, either pofitive or 
negative^ according as the roots of the fimple equation 
from whence they are produced are pofitive or iiegative* 

Thus if you fu( pofe Jt= — «, ar=r^, jrass — r, and 
drss#> then will x-ftf«=^, *— ^ax©, j:-f»r=0and *— ^ 
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sM, and the equation (x+a) X (x—^) X («+tf)x(j:— ^) 
=« will have itt rooU — a, +3,— c,+</» ^ 

But the Jf^ii/ and coefficients 'of equations will be beft 
onderftood by confidering the following table ; where 
the fitnple equations x-wi, x'-^^ &c. being multiplied 
continually together, produce, fuccei&Tel}, the higher 
equations. 



asO 






+ha } =""' ^ «"^^''^'''' 






7 +'*l 

3 *0 



jf4 a*! 4.<j#'\ — <i&'7 



From the infpeaion of thefe equations it is plain, that 
the co-efficient of the fix ft terms is unity. 

The co'cfficient of the third term is the Jum of all the 
roots (a^ if c^ d) «>iV* contrary Jignt. , ^ ^ 

The co-efficient of the third term is equal to the sum of 
the reaangles of the roots, or of all the produBs thai emt pof 
Jibly arife iy combining them two and two. 
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The co-^fiictent of the fonrrb term is equal to the fum 
9f all the produSs that can pojphly arife hy combining thm^ 
three by three i and fo oD for any other coefficienr ^hat« 
eter. ^ 

The laft tf mi it attvays equaf to the produ8 of all the 
roots with c^itrary Jignt\ and this reafontng will hold, 
whether the ro.'kts be pofitive or negative. 

It likewife appears, from infped<on, that the (igns of 
all rhe terms of any equation in the table are alternately 
4- and •«-. 

Thus the firft term is always fonoe pure power of x^ 
and is pofittve. 

The fecond term is fonrie power of ,x, muhlplfed by 
the quantities — a^ -^, — r, &c. and fince liicfe' cftian- 
tities are all negative, it follows that the term itielf mtift 
be negative alfo. 

The third term has the product of any two of tbefe 
qoantities ( — a, -^, -«^») for its co-efficient, and is 
therefore pofitive; (ince — X — » as well as +X-fi 
gives, -f » or an affirmative quantity. 

For the fame rrafon, the next co-efficitont, which is 
formed of the prodads of any three of thefe negative 
quantities, muft be negative; and the next following, 
being made op of the produds of any four of the faid 
negative quantities, muft be pofitiv^ ; and fo on. 

And, from this reafoning, it plainly appears that vthetL 
all the roots are pofitive f the Jigns arc fiut and mnus alter' 
nately. 

But if the roots be all negative, as j?ai — «, »= — i^, 
:c*s— ^> f^—d, then {r+a) X (^+-5) X (j?+<r) X (jp+ 
d)ssso^ will exprefs the eqiiation to be produced ; and 
all the terms will plainly be pofitive. 

So that, wheh dH the roots of an equation arc negative 
it is plain thnt there can he no change in the Jigns of the iemu 
of that equation. 

And, in general, there will be as many pofitive 
roots iii ktj equatio^, ^ there sirt changes ift the 
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Hgnt of the terms of that equation, from -f to — -, or 
from -— to -f f and all the rjeii of the roou will be ne- 
, gJtivc. 

From thif rule it follows that* in quidratic equations, 
the two roou may be either both pofi^ve, or both nega- 
tifCy or o: e negative and one pofitive. 

Thus, in the equation, «« ^+aB:so^ or {x^a)x 

(j7 — B) there are two changes of the figns, and therefore 
the roots are both pofitive. 

In the equation ^J^f^+aBs^^ or {x+a)x{x+B) 

there is no change of the figns, and confequcndy they 
are both negative. 

And, in the equation J^"*^ — fl^ssr^, or (a-'^)X 

(x'i^B) one of the roots will be affirmative and one ne- 
gative ; fpr, as the firft term is pofitive . and the laft 
oegativey. there can be but one change in the figns, whe- 
ther the fecond term be + or —. 

In cubic equations, the roots maj be all pofitive, or 
all negative ; or two of them may be negative and one 
pofitive, or one negative and two pofitive. 

Thus, in the equation (x — 0) X (^--^) X (^— ^)=tf 
the figns will be alternately + ^nd — ; and, as the 
number of changes is three, the roots muft be all 
pofitive. 

In the equation (j7+fl)x(«+'^)x{*+.0—^> where 
there are no changes of the figns the roots muft be all 
negative. 

In the equation x3 — {a'^B+c)xi+iaB — ac-^^c^a: 
+abc^09 01 (*— ^)X(J^ — B)y,(x'H) the number of 
changes will be two, and confequentlj two of the roots 
will be pofitive and one negative. 

For if a^B be greater than f, the fecond term moft 
be aegativey its co-efficient being -^^f -^, -^c ; 

K 2 
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Aiid if «4-M)e lefs than r» the third te^tb muft be ne- 
gattirey tt% co-eflicitm -f^'^ — tfr — h bein^ In thai eaft 
aegative. 

In the ^uatiiih x^^(a+h'^):fi+(iA—ac^^)x-^ 
dhcsiOf there can be only one change of the fi^ns, and 
therefor^ cue of the roots is pofitive, and the other tw6 
negative. 

ror if a+b be lefs dian r, then the fecond term ti 
negative, and the third. muft be negative aifo : and if 
ii4-'^ be greater than c, the fecond term will be pofittve, 
|Uid there can be bat one change in the other two terns, 
whatever may be their figns. 

And, in the fame manner, this reafoning may be ex* 
tended to equations of higher dimenfions, and therefore 
the rule will be found to be true in all kinds of equa- 
tions whatever* 



PROBLEM I. 

!lb meretue or dtmbnsh tht roots of an equation by any gtv* 

tn quantity,* 

kULE. 

I. Take fome new letter, and conneA it with t1)e 
given quantity by the figns— or +p according as it is 
required to be increaCed or diminifhed* 

a. Subilirute the powers of this quantity in the €q^^' 
tinn, ini^ead of the powers of the unknown letter, and 
there will arife a new equation, whofe roots will be 
augmented or dimioiflied as required. 



• When a cvibic eqmtion toM two equal roots, it may always lie 
reduced to a hm^ dioMnfioO} and the iottttioBy by that flMSM, waido 
mere ealy* 
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ll±AlCiPI.EB. 

I. Let the qaadratic eqaation «(S+ 8x4-15 so, be 
given ; it is reqaired to increafetts roots by 7. 

SMppofe xZTjF— 7, 

8xs + 8)f — $6 
•15= +15 

^..^67-^8=^= to th ffquathn required,* 



2. Let x^^x^-^gx — r^Of be the eqtiatiati given i 
it is reqaired to diminifh the roots by the quantity e. 

Suppofe xszy-^e; 

Then xi^y+%ey*+S^y+e''') 

3. Let ar^-j.^:* — iox-|.t=:o^ be given, and fet its 
roots be incrcafcd by 4. 



• For in tbc former eqnation »» 4-8K-f I5"^» the roott are —3, 
ind— 5, and in the equation jfi—6jr-|^8«*«, the rontt are % and 4 
therefore the difference i» 7, as waa required. , . . , 

t The laft term of thi» transfof med equation is the lame as the 
KiYen equation, having e in place of jf. 

And from this it appears that, if the hft term of any equation m 
to be deOroyed, the difficulty wiU be M) left than thai of feknng the 
«ri|(iaal equatten kiclf • 
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Sufp^se x=j 

Then x5=jr3— 12/+48/— 64 

+ x*= + y^— Sy+i6 

— -iOx= — iqy+40 

+ 8= +8 

Or jr*^ I i7+30jr =tf, r^ equation reqmreJ,'* 
In which equdtion y 1/ found =169 tfm/ consequently 



PROBLEM IL 

7>7 toi(:e ati^ay the second term from ofiy egtiation. 



BULB. 



1. Divide the coefficient of the fecond term by the 
index of the higheft power of the unknown quantity* 

2. Annex the quouenr, with its fign changed^ to 
fome new letter, and this, being fubt)ituted for its equal 
in the given equation, v/i\\ dedroy the fecond tern)| as 
required. 



* In this example the given equation is reduced to a quadratic; 
and in the prefent cafe, as well as in all others, where the laft term 
vaniflies, the number aifliimed \,—- 4 is one of the roots of the pro- 
pofed equation. 

The affirmative roots of an equation are changed into negative 
ones of the fame value, and the negative roots into affiimative ones, 
by only changing the figns of the tenos alternately, beginning with 
the fecond* 
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iZAMf^LfS* 

u Let tbe qtiadratie eqaaticm jr«— 8*+i5»o be 
given : it is required to uke aWay its fec(teid tcarm*. 

~ 8««B — 8jr— 3a 
+ »5« +15 

I sBtfSs tfuatioH repute J.^ 



3. Let the equation jr3-i..^*-|-26Be^— 34^so b€ {[ttciii 
it is required to exterminate its fecond term. 

Then x3«/+9f +17j^+af 
— 9.r«« — 9; — 54^— 8« 

—34 « —34 



y ■ j ^i. ■ ioss0= efttoiion nqmhtidm 



Thus the rooU of the equation j** — ^Jt* — 19«'-»-49*— 30~»» we 
41, 4.9, 4 3, — 5 ;^ Intt, by chu]g]ii|r only the ftcond and foordi 
terms, the eqoatioo becomes «^ <f «^-^9»'— 4911 — 30""«, and the 
roots are —I, —a, —3, +5* 

All the roots of an equation may alio be made affirmatrreor n^ 
catiTe. by increafing or diminifliing each of them by fome knows 

* From this ciampie tt appears, th*t any qnadra^ eqintion msy 
he folded without completing the fquare, by only taking s#ay the 
Second term ; for fince jr • « I, or jp«a l» i, we fliali h m *>; \y 4- 
4^z-«-4-»5, the root riqoired. And the fame mny be ihe#ti of 
any other adfefted %«idmtic •fuftM wlptoer* 



1 
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3. Let x^+fixs — 5x3+ 1 o»— 4=0 be gi^eni to «■ 
terminate the fecond term.* 

Then x^ «y*_8jr + 247'— 32^+ 1 6 
+ »8Jr3»= 87^—48/^+96. — 64 
.^50:' OK — 5y+20jf — 20 

+ lo^os +ioy — 20 



jf*-«29jf3+947-— 92S03B iquMihm reqmred. 

t 

4. Let jr*--^iar5+y«a— rar+/=o be giveD, to ttta- 
' minate the fecond term. 

Suppose xssBjr+i^ 

4 

^^ . '•'4 16 64 
+ /= +* 



** ^ 



* Since the fum of all the roots, in any equation, are equal to the 
eo-efficient of the fecond term it fallows that, when the fecond 
term is wanting, the equation hat both affirmathre and negative roots, 
and that the fum of the affirmative roots is equal to the fum of the 
negative ones. 

Thus. in the cubic equation a3-^7«"*6, the three roots are "fjt 
«— ^ «u2d —I, where it is evident thal^ 3«" ft+l* 
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PROBLEM in. 

To find whether 9ome or all the roots of an eqiuuion he tv- 
tiomU i andj if 90y what they are, 

RULE.* 

I . Find all the divifors of the lad term, and fobftitute 
them one by one for the unknown quantity. 

3. Then if the pofitive and negative terms deftroy 
each other, the diyifor, fo fubftituted, will be one of the 
roots of the equation. 

3. But if none of the divifors fucceed, the roots are, 
for the general part, either irrational or impoffible. 

Note. When the divifors of the laft term are too nu- 
merous, they may be diminiihed by changing the eqna^ 
tion into another whofe roots are augmented or dep 
cieafed by an unit, or fome other known quantity. 



8XAMPLKB. 

/ 

I. Let x^— 4Jc'— >7^+xo8bo be the equation pro- 
pofed. 

Then the dhUors of (10) the Iqfi term will he +l, — I 
+2, —a, +5, — S» +io» — lo- 



/ 



• Since the laft term, in any eqaation, is always equal to the pro- 
duA of ail the roou in that equation, thofe roots mull, therefore, 
neceflarily be found in t^e number of its divifors. 

But this, it is evident, can hold only when the rooU ^ conuncn- 
fvtate, or whole numbers* 
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jimd then Mng mkstUuted sucauhefy huUiul ^ ttf «tti!f 

I— 4,— 7+»o= o 
—I— 4+ T+ioss It 

8 16—14+10= — 13 

— 8** 16+14+10= o 
125—100—35+10= o 
Therefore +1,— 2, and +11 are tbi three roett ^tk 
equation reqmred. * 

2. Let ^*— 4^^ — 8/+g2sso be the equation pro- 
pofed. 

I ChoHg^^tt hup a$tother, the mffther qf! nufhcte diifuvt 
sbatt be lest ; thus. 
Suppose y =:»+x 
Theti jr*=x*+4«»+ 6»«+ 4^+1 

— 4yJ;= — 4x'— Ilx^— *I2X — 4 

— 8^ = — 8j>— 8 
+ 32 = +32 

JT* — 6x^—1 6x+2 1 =«= ii#«a equation.* 
2. The divisors of the last term ^21) ^ this neweqna- 
Hon are 

i> —I, +3» —3* +7« — 7» +ii. — 21 . 
And'tf these be subfiituted saccejfiveiy iff/kad of x^ nsHjhJH 
have. 

I_ 6—16+21= O 

I — 6+16+21=32 

Si-r54 — ^48+21= o 

81—54+48+21=96 

(!JV. where none ^ the others sueeeei. 
io thfit I and X are the osdy fotional roots % the other tvM 
being impoffihle. 



* AW«. The diTifor of the Uft term of this new e^pvittofl voxf. ^ 



.J 
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3. Let jr^+jtfac^—ifa^ar— 12^3 s=:o, be the equation 
pcopofed. 

Her$ the numeral divisorj of the last term ( 1 20^ ) are 
i> — 1» +2» —2, +3, —3^ +4, —4, +6, —(5, 

+ 12, —12. 
And hy substituting these successively instead of Xf we Jhall 
have 

1+ 3— 4— I2S— 12 

— '+ 3+ 4—".=— ^ 
8+12 — 8— *I2= o 

— 8+12+ 8 — 12= o 

27 + 27 — 12—12= 30 

— 27+27+12—12= o 
n>erefore ihe three roots are 2a, — 2^, and — 3<f . 



PROBLEM IV. 

To discover the roots of eguattone by Sir Isaac 
Newton'* method of divisors, 

RULE,. 

I. Inftead of the unknown quantity, fubftitute fuc- 
oeffively three, or more, terms of the arithmetical pro- 
greffion 2, i, o, — i, —2, 

a. Colled all the terms of the equation into one fum, 
and pla<^ them, together with their divifors, in per- 
pendicular lines, right againft the correfponding terUM 
of the progreffion2, i, o, — i, —2. 

3. Seek amongft the divifors for an arithmetical pro- 
greflTion, whofe terms correfpond with the order of the 
terms 2, i, o» — 1, — 2, and whofe common di£Perence 
it cither unit, or fome dtvifor of the co-efficient of the 

L 
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htghcft poW^r of the unknown qaantity in the given 
eqnation. 

4« Divide that term of the progreflion, thus found, 
which ftaods againft the term c^ in the firft progreffion, 
by the ratio or common difference. 

5. To the quotient laft found» preSz the fign + or 
«— I according as the progrefSon is increafing 01^ de- 
creafmg and this number being fobftitUted for the. un- 
known quantity, will be found to be one of the roots of 
the equation. 

N§ie. When there is niore than one progrefliony the 
roots maft be uken out of each. 



BXAMPLBS* 



I. Let 0:3— 4^.^ioj>4.6=;o be the equation propofed. 

Then hy svhttituting iueceiiivefy the terms of the progres- 
sion a» 1 9 o,-*»-i ittstead of «» the work will stand eu 



foU&*ois : 

ift prog. 



2 

I 

o 

-I 



resmbs. 
*— 10 

— 4 
+ 6 

+ 14 



divisors. 2dprog. 



i.a.5.io 
i«2 4. 
1.2.3. ^ 
I.2.7. 14 



5 

4 

S 

2 



Jind'-^l^ tie term standing against 0, being substituted for 
a?, ghoest — 27— 9+3o+6««, and therefore —3 is » 
root of tie eqnatioa. 



2. Let ix^^^^x^+j^-^iowmo be the equation pro- 
pofed. 

Tiwif By substituting suecessiffely tie terms of the progres- 
sionf 2, I, o, —I, —2, instead of Xf themri wiiis 
as follows ;^ 
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iJprog. 
J.2-3- 6 
1.3.9. 
1.2.5. 10 
1.3.7.21 

1.2.3. 6-9 9 I 

Here 5, tit term ttaaJing agatint 0, being divided bj 3, tht 
ammoa diffirene't givei 2^s inJ lhi4 iting lubititalrd for 
X, giwt 31J— jii+lO— 10=9J and tiercfcr* ij « « 
rtfl ^ Ibt tguaHtn- 

3. Lee 37*+ jf* — 393^ — gr +180=0, be the equaUoa . 
propoCed.* 

7bai ^ juiitiimbig ai ieftrtt tba vwi will atad ai 

3.S.7.io.i4t3'e 

3.3.4. 6 . serf. 

3. 3. 4. 5. 6Wf. 

2.4.5. e.ioE^.. 

3.3.5. 6 ■ 9 ^'• 

So tint ben art Jour progreiiioiu, and the aamiert 3, 4* 
—3, md —5. ieins "tb ttdiiliiuted for x, make the whole 
fjaatieit vanitli, and art tberefere tht rootj rtguired. 

4. Given k^ — *' — 463:.— 73=:0} to find the Talne* of 
Mt by the method of divUbri. ^af. +9, — 3 and—^ 

S- Given X* — 4^^ — i9»t'+46*+i2O=0, to find the 
▼alnc* of X, by (he method of divifors. 

■^"f- +5. +41 —3. — »■ 



If,,. 


rteuhe 




2 
1 


70 
144 










_I 


160 




—J 


90 
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PROBLEM V. 

To find the roots of cubic eguationsj accardirtg to the method 

o/*Cardon. 

1. Take away the fecond term of the equatiohf 
bj problem 2dt and it will be redoced to this form 

2. Sdbftitote the vtlaes of a and h^ with their proper 
figns, in the following expreflion, and it will give the 
root required. Thas: 

ar=V^^+V(i^«+3V3)- ^ , a ,root 

required. 



■Ma 



•The rule from w hen ce th» method is derived, » x= 
\/i*+x/(i^*+V7«3) + 4/^^~^(-^*a^.'yfl3). and the invcfti. 
gEtion of it !• 88 foilows : 

Let the equation, whofe root is required, be x.^'^-ax^b- 
And afliune jr + «=*j and 3^«= — «?. 

Then, by fubftltuting thefe values in the given equation, we Ihall 
have, j^34.,j,*j8 + ay»* + «3 + a X fj? + «)=y^+«^4-ay« X (>+«)+* 

X +«)=r5p3+,3_^ X (y + «)+tf X 0+«)=j3 + «3;=^. 

And, if, from the fquarc of this laft equation, there be taken 4 times 
the cube of the equafion^«-= — i-a, we fliall have ir^— Oy 3^3^ jgO.^ 

i^* + TVS Orjr»— «3=:^(^4-f,/^tf3. 

But the fum of this equation and j'-HbI-b^, is %y*^^-{-^ 
(** + A«') an d their difference is ag'»»^— ^(^^-fg^ /y^| whence 
3,i8found=:v^^4.^^jA»+ ^yajand ««VP^=V)PH^77»II 
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.k^*?^r 1.^1" ? " negative, and 4^ is greater 
than i3«, the folmion, by this rule, cannot be generallr 
obtained. • ^ 



BXAMPLSS^ 



!• 1-et jr3+3r +9r"i3» be die eqnadoo nresofed: 
It IS required to find the yalae of y. 

I. In wrier to deflroy thefecond term^ hi y^X'^i j thm 
y^zzx^ — ix*+ix — I 

9/ = +9Jr— 9 






3 



And from hence it appcart that ^ -I- », or itt equal ir, it mb 

i/J^ -h(%/i** i- .>')+l/i^V'U*H .V»), which is the tha' 
orem. 

Or, fince % it equal — ^, it will be «4.s=t— ls«_ 

This method of fohring cuhk equations is nfually afcribed to 
CordSM ; hut die invention is not hi»--The authors of it were Sdfh 
Afretu, aad NuboUu TarUliMy who difcovered it about the feme 
time, independently of each other, as is proved hy M, it Mmhuh^ 
m his Jffifiure da MdithMtijues. 

* This is called the irreducible cafe ; aad, notwithftanding fevenj 
4lf liie Ojieft-cminent mathematidaDs in Europe have attempted the 
febtioii' of it, no general rule has yet been difeovered. 

The ufual method is by a table of fines, or by throwing the cs* 
infion into an infinite feriM» snv; finding the fum of a cesuup 
ti tarn according to the degree of estadnefi required. 

L a 
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%. Ftr a put 6, Mii fir b to, and m JbM U'Oe 



2 






X8a» an J c(mfiqui»ify jrsi=ivo/ required, 

3. Given ar3.-.6x = — 9* to find the valoe of x. 
iTiprtf <iBs-^6« and b^^ — 9 ; and therefore lue Jhall have 



i/— 4*+V(20i— 8)- 



—a • 



•3 . . —2 



— «2 

— -— I— ^ = —.3 ; that is xss —3 = roo# required* 



< 



SXAHPX«BS FOR PftAOTXCS. 

a. GtTenx3— 6a?«4-iar«8,tofindj7. ^ij/l j?«=4. 

2. Given jr3 ^ 30^= 117, to determine y, Anf. ^8=3. 

3. Given/ — 36/^:91, to determine jr. Anf. y^j. 

4. Given f' — 3fcf»i8 U) determine^. A»f, ^«=3. 

5. Given /+ 24^^=250, required jr. Anf. y^S.QS* 

6. Given j^—-jjr«—ajr>—8aB0| to fiod> Atf jr«*i«. 



J 



\ 
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PROBLEM VI. 

To find the roots of biqttadratic equations^ according to the 

Tnethod of Des Cartes. 

K Take away the (econd tenn of the equation by 
problem 2, and it will be reduced to the form x*+^x> 

2. From the cubic equatibn Jp3-f-22Jr2-|.(y2_4JJy— 
r>=Oy take the fecond term, and find the value of y by 
the laft proUem. 

3. Let / be afliimed ss^jr,/=s^+^«— — , and 

4* Find the roots of the two quadratic equation* 
x'+^jr+/=so, and op*— *jr+^=o, and they will be the 
four roots of the biquadratic required. 



* Ittvf/ligtiHm rf tit rule. Let the giTcn eqiiatioii it^^qtc^-^-ftt 

-f ««so9 be equal to the prodnA of the two quadratic equations «>^ 

*«4/^., and «•— ex^-^^.^ **4-(/+r-«')*^+ (^""S^/ *+>^ 



&::«• 



Then, by equating the homologoas tcrait, we (hall ha:wtf^g^^ 
>*«By, ^—s^^r, and /i^*i wd therefore /«JH-i«' — ^ 



a* 

« 



And from this laft equation we Iball have ^ 4-af«^ f (9* —4') X 
«^=r' Kto a cubic equatiooy in which the value of e may be fond, 
M in the laft proUcou 
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XXAMPLE8. 

I. Let z^ — 4%^'^^z+$2^rOf he the equation pro- 
pofedy in which it is required to find the yalue of %• 

1. To take away tbefecond tertHf let x+i^z ; then 
— 8« ss — 8jc— 8 

;r*— dr2 — i6x+2i zsOf or 

^3.^1 2y>-^48jN— 256 zzo^for the cvik efttation. 



t. To tale away tie ficomJ term from tits eipiatioih ^ 
p+^=yi then 

,/=/•+ 1 a/»+48^+ 64 
— iay=- ii—ia/^^^-— 26/ — 192 

— 4'.y = —48/— 192 

—256 = — 256 

> l I II 11 ■! ! ■ I- 



But A^\9+y—z **»* ^ («*!rf i' +^) «« alfo knows ; 

and therefore the roots of the ^adratic equations x* -^gx ^/^m, 
and»«-— tfx-4-jg^==« may be detemuiiedy and are the foar roou of 
the biquadratic equation required. Q^ E. I. 

Mnih The Co-efficient of x b p«it v^ual tor, ih both the eqnan 
tions, bepaufe, when the fecond term as wanting, the fum of the 
pofitive roots is always eifttal to -tixe imi ^ the oegative oaea, ^mA % 
contrary fign. 

Thirnlie has fimdamtA'hten iferibed to l>a Cartesy and ^feme- 
«iaiM M B^tHkem^'mi^xiimki ^hm. the^ertginai inrremror'tif \£ wa» 

iMtis Ferrari* 
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3. To find the vahe of p^ by Cardan's rule for cubic 
equations. 



V^+v'Cii'+sV^)— TT 



t^iA+v^(jA»+,V3) 



. ;/2g8+v'(i882-- 32.) ""3^ 

12=^; oW therefore jraBi6| (?r vO'— 4» /** + — 

. ^^-. J — 6.16 i6 „., 

+j-.7f «»rf^— +Y— g-=3- Whence e:^,f^ J* 

and ^=3. 



f 



In tlie method of De* Carta^ aboTc eipluiied> all biqiiadratic cqua- 
tioii8 are fnppofed to be eenerated fnmi the tnultiplication of two 
^oadratic ones : but accor£ng to the following way, which is taken 
H'om SimfffoHs Algebra^ evetj fttch equation ii conceived to arife by 
taking the difference of two complete fquares. 

Here, the general equation K^~{'ax^-\-ix*'\'eX'^dss:.§ being prti>- 
pofedjwe are to aflumc («*+4tfx-|-A)* — (Bx-<-c)*=Jc*+a»34.^x» 
H-fx-f-^; in which a, b, and c, reprefent unknown quantities to be 
determined. 

Then, «*^j^a*-f-A> ^^ B«-f*c being aAually involved, will 

give «4-j-tf«3_)_aAX* -J 

.«.B«x" — aacx — c'J 

■f ex ^ d: from whence, by equating the homologous terms, we ihall 
have 

I. aA + itf*— B • t=*, or a A+Jtf •— ^asB • 
a. aA — 9BC SKf, ortfA— < sbSBC; 

3. a'— C" S5=:</, or A*— </ sr=C» 

Let now the firft and laft of thefe equations be multiplied together, 
and the produA will, evidently, be equal to ^ of the fquare of the 
fecond} that is aA»+(i«'— *) X a«— */A-.(ia«— ^) X</=(»'c*) 
=iX(a'A-— aafA+c*). 



L 
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4. TV find the roois »f the two ftuulrtUis equathm 

j^-^-tX+jTamOf and X^'^^X+gmme, 

In thefirfi of tbefe x^ — 2+-/ — 3, •r —2—^^—3. 

jind inthefecond x:z^^ and i. 

Therefore 3, !« — 2 + ^ — 3» ^ — * — %/ — 3 o^f the 
fimr roots of the equation **^-6*«— ifix-J-iias^. 

jfnd if umtf he added to each of them^ we Jhatt have 
4, a, —1 + ^—3, and — i^^— 3 for the roote of 
ft.^-'^ss'^ — 8x4'32as^9 the equation propojfed; the two U^ 
of which are impofjlble. 

2. Given 0:^-1-20^3.— 7 jr«—^jr-|- 12 aOf to find the 
valaef ^ x. Anji tnm t, tf *^$ entd *^9. 



Whence hf denoting the giTen quantities jag tt, and }«*-f~^X 
(|tf * — 6) by i and /, Kfped^ivelf , tncre will arife this cubic eqmtion 
a' — |3a * 4-Ia— y - ; by means of which the value of a may ho 
determined ; and thereJEbre, from the preceding equations, both a 
and c will alfo be known ; a being found from thcoce 3s^(aA-f- 

ia'— ^,) and c ^— • 
*♦ ^ aa 

The fereral values of a, b, and c Being dius fiMmd, that x>£ « 
will aUb be readily obtained ; for (x * 4-^««-|.a) '— (bx \ c) ' bemg 
nniverfally in all drcumftances of x» equal to ar^ , «« ' 4 i* * +cx -i-i 
it is evident, that, when the value of « is taken fuch that the lat- 
ter of thefe czpreifions becomes equal to nothing, the former muft 
likewife b^. equal to nothing; and confequently (**+i**+^}'^ 
(bx , c)'. 

And. therefore, by eztraAing the fquare root of both fides of the 
equation, we (hallhave «c'-4-^a«-r A-^±Bx:tc; or xss^j^a— | 

«i[ 'i«:'^4») • ' c— Alaj=:±4B— 4«^(^-^a'±i«B 4 tB*±c-.A)*» 
which exhibits all the different roots of the gtven oquatioBy Kfurdi^t 
to the variation of the fignsb 



) 
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3. Given a^^*—35Jf'+6oi«— 36^:0, to find the values 
of X. jfttu If 2, 3, and ^^6^ 

4. Given y^ — 8y3+i4y*+4J» — Seso, to find the Ta- 
loes of /• 

Jns. jr=3+v'5, 3— v^5> J+\/3» **^ >— ^/3- 

5. Givenjr*4-i2j:— i7=»o, to find the values of x. 
Am, xss^^2±^{ — 3^Z — i)» and alfo — \i^z±^ 

6. Given j?^— 4^:3— 3Jc» — ^4jp+iaBO, to find the va- 
he. of X. ^. ^^-i±/-3 ^ 5±v2i- 

7. Given «*— JOj:S+jj'a:«^j'ojr+24=so, to find the 
values of »• Anf. i» 2» 3, and ^. 



I 'rhii method will be fomd to haye many advantages oyer that 
I gireii above. lo the firft place, there U no neceffity for being at 
r 3ie trouble of exterminating the fecond term of the equation, in or- 
der to prepare it for a folution 5 fecondly, the equation A^— *a*+ 
Ia— ^/..o, here brought out, is of a more fimple form than that 
derived from the former method : and thirdly, the value of a in 
this equation vrill always be ommtHfuraU and rattonai: not only 
wken all the roots of the given equation are cmnmmfmr^iUf but alfo 
when they are irroHotMi^ and even imfojpbk, 

ExAMtit. La tbert be givm x*i|-ia«-*I7— O, *» fmlOe maku 

Here, by comparing this with the general equation «*+«ipa + ht 
+«f+rf«o, wc fliall have ««•, *«o, t^i2t and d^ij; and 
therefore 4— ioc— i^i7» ^i^*+^X,i**-^)— ^f M»d .a»— 



yA«4iA— 4/.-^ A3 + I7A— 18 •. 
And, from this equation, a will be found e^tial to x ; and thefo- 
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8. Given x*— 6*»— s8jf»— 114*— i;»=o, to find 
valuet of K. 

9. Given x* — $x*—^ — 3«*o« to find the valoe <^: 

^2 2 



PROBLEM VIL 

To Jind the roots of egtiattoiiM in generatj by the methi 
of a/tfiroxiination and converging series. 



BULE.* I 

I. Find, by trial, a nuniber nearly equal to the rooi 
reqaired. | 



In fome particular cafes of this mle, the roots nsy be found by 
means of quadratics only. 

Several other methods of fblving biquadratic equdoiis have bees\ 
invented by different authors ; one of the moft ingenious of whidi is ' 
that given by M. EuUr, in page 664 of his EUwietu de AUebre* 

Equations of five or more dimenfions may fometimes be redncedl 
to thofe of an inferior degree ; but the procels will be ezoecdin^ly | 
tedious, as no general rule can be given for refolving them* 

* The rules hitherto given for finding the roots of equations, are 
ssther very troublefome and laborious, or elfe confined to psvficular 
cafes ; but this method, by converging feries, is uuiverfid, ezteoding 
to all kinds of equations whatever ; and, though not accurately true, 
gives the value fought to any afligned degree of ezadnefs. 

The method of obtaining the roots of equations, by appraoniation, 
yn» firft made uic of by VuUu 
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2. Call the immbery thus foand, f» and kt z be put 
^ual to the difference between r and the true root x* 

3. Indead of or, in the given equation, fabftitnte its 
nal r±2, and there will artfe a new equation, affeded 
ily with z and known quantities. 

4. Reject all thofe quantities in which there are two 
more dimenQons oif Zt and the value of z will be 

bund by means of a (imple equation . 

' 5. Add the value of z, thus found, to the value of r, 
land it will give the root required nearly^ 

\ 6. If this root is not fuffictently near the truth, re- 
peat the operation, by (ubftituting it inftead of r, in the 
equation exhibiting the lvalue of Z9 and it will give a 

fecond correSion for the root required. 



fr 



EXAMPLES. 



[ I. Given x^^-^x — 31=50, to find the value of xhj 
~ approximation. 

The rootj found by tnal^ is nearly equal /o 8 ; 

LetftbeiG^^f S=^r^ aad r+x^=^ i tkn 

—Sx^—Sr—5z 



r* + zrz — $r — §z — 3 1 =0 1 

^'^ V 2r— 5 16—5 11^ 

nearly. 

And^ agamy if 8 6 he ftAftiiuted in the place tf r mibe 
iqft equation^ wefhall have 

• , zr^^$. i7.2-«-5 i2.a ■ 

8*6+ -0032 SS8.6032 nearly. 

M 



• 



J ^. 
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Ani^ if thh value he again fuhftiiuted fir r» ii nmU ghoe 
S9.Q0000778o8y andxsssS.^^zjjSoS; anidfi m to any 
degree of exaffne/s, 

2. Given j^^+jrs+jTspOy to find the valoe of jc by 
approximation. ^ 

Tie rooti found hy trials is netxrly eqmal io^; 
1^9 there/ore f 4»Bry and r+aasx, iben^ ' 



r^+Sr^z+r^+2r»+r+z^^i 
90«— r*^— <•*— r 90^-64 — 1 6 — 4. 6 

and xsz^ i nearly. 



And again f if ^.i he fuhjlituted in the place' if r^ M nSr 
Iq/I eqnaiionf wejhalliave. 
90---rW|3^ 90—68,911^—16,81—4.1 

3r»+2r+i * 50.43+8.2+1. «-00283, 

tfiu/ j:aB4.i +.00283=4.10283 nearly I and fo on to any" 
degree of exa^lnefs required, 

3, Given a:»+io.r«ioo, €0 find the valnc of x hj 
approximation ji^f J?«t4.i42i356. 

4* Given x^+iox* +5^—2600, to find the valae of 
X by approximation. jf^f. 11/30673. 

5. Given a?5+2«^— 2jx— 70350* to find the valae 
of ^. An/. x.^s.i$^' 

6- Given ^—15^+6^x^50=0, to find the vajye 
®' •^- Anf ««:i,028o39«u' 

9. Given x*— 3x2_*^5^«noooo^ to find the vahe 
^* ■^* Anf. xs 10.26 15, 

8. Given ^H2^*+3^+4^»+5««5432i, to find 
the value of x. ^^y; ^.,^^144, 



a». V 
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RULE II. 

r 

1. AfTume the general equation a%^h^z^-^c%^^d%^ ^ 
Ike. z^^; iRfhere^! is ihe converging quantity , and «» 
^9 O ^» &c. co-efficients wbofe x^ues are known. 

2. Then will -^-£7- be an approximation of the firft 
degree. 

be 

S* And» if ^ be put s:s:~— T we fliall have 

M+^Z"^ " .pproximtion of th. ftcond 
^gree. 
b 4* And« in Kke manner^ if w put =r — 4* 

I k an approximation of the third degree, kc^ 



EXAMPLES. 



* I. Given x*+20x=sioo, to find the Talue of x* 

The rpotf found hy tnaU ^ nearly equal to 4 ; 
I Let therefore 4+2 s^x, and^ hy Juhflkutiout the iquation 

Whence^ from the rule as:t% h^siy c^p, Istc. rnidpsi^ 






128 RESOLUTION OF EQUATIONS. 

Jndjnee /= r"*-^» *mejhall have «« 

(^+sp)yp ^ (Z 8+^)X4 . ^ aff+4 

1380 \ 

yynfl, «i /fir^ manner f Jtnce «u;=s— +t- =— , tf 

28X4X(28+4 ) 28xr284T) ^ 28x1 98 ^ 
28x(7^4+")+t'* 7X796+4 49X79<H-i*' 

£lll~3>.t42i35^36s '«r;r»4. 142 13562 56 yfir tin 

39005 

reguiredt extremely near. 

2. Given x2^4x — lOsiooj to find the rulvtt of x. 

-/f«/: 8.677078% 

3. Given x»— i7xa+54r=B350, to find the valae 
of j:. -^w/^ ^4-95407* 

4. Given x^ — 2x — 5=0, to find the v^loe of jt, 

Mf. 2.094551. 

5. Given 2y — i6/3-|-4ojr^ — 3oy== — 1> to find the 
value of/, , -^«/. j'= 1-284724. 

6. Given x^+2x*+ix^+^xi+s^=5^3^^> to find"^ 
the value of x, Anf* ^=1^.414455. 



In tile fsme masfia* the roots of other equations may Ve approxi- 
mated ; but to avoid trouble in preparing the equation for a folution, 
aU fuch powers ol the converging quantity s, as would' t^t, higher 
than the degree, or order of the approximation you intend to Work 
by, may be every where negle^ed. 



RESOLUTION OF EQUATIONS. lap 



V 



\ 



PROBLEM VIII. 

To extract the root qf tmy pure power in number$, 

RULI.* 

1. Let fw=s the number whofe root is required 5 r— 
Bcafcft root w)uch can be foond by trial ; and «» to tbt 

icdez^ 

/ 

2. Then, by potting y ^^ ^ » wc fliall har^ 
^«,. L^_><i^±.-*+'>« root, iiwr/>; or Ji:=r+ 

J ^X(t>+") extremely near* 

p^X{2v+2j?— iJ+iX(«— i)X(2«— I) 



EXAMPLES. 



I. Given x^=^2; or, which is the fame thbg, let 
ihe fqaare root of 2 be found. 
^ 5«//^ the root found fy trials to he i .4 ; then weJhaU 

J 2X1-9^ ^Q 
have m^2 5 r«i.4t »=«> ««^ ^^'^ 2—1,96 °'^ 



• One of the moft ^nvement rules for praaicc, which has yet 
bcca difcovcrcd, is the following : (n , l)r» f (»— i)N • C»-|- 1)''+ 
(iH-i r» : : r : the true root, nearly. 

Where it may he ohferved that K— given numhcr ; r= ntstfU 
root, found by trials aid us aidcx, Mbcfwrc. 

I* * 
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jtnJ, therefore, x=.r V^\^ '^+') =i,4+ 



L4>ii2i«,.4+..J[22_ «,.4+ J9I.^ 1.41421356 
98x594 70x198 ^^13860 ^'**'35« I 

=z root required nearly. 

And if the fecond approximation he ufed^ the root will he i 
found =z 1.41421356236, tUich is true to the laft^plaeetf 
decimals, 

a. Given j:3=5oo ; or lei it be reqoired to extraft the 
cube root of 500. • , , 

Suppofe the root, found hy trials to fe S; then .tve JI^U 

have «=5oo, r=i8, a=3, and vzz ^^^*^=s— 128; ■ 

— 12 i 

And. therefore. x^r V.^^^'^^ "^f^ ^%^.o6%^ 
7*9iforthe Jirfi apfroxifnation. 

Or x=r+: r>^{2v+n) ' 

^ Uv+2r— i}x«+^X(»— l)X(2ii~l) 

6072 * 

^ ~ •-7-g^'^7-937005259936/''''*'>^W<i//r<»ximj/^^ 

which it true to the lafl place of deAmals, 

3; Let it be required to find the cube root of ^ | 

Anf. t- 259921/ 

4. Required the'^cube root of 1 17 ? Anf 4,89097. \ 

5. What is the furfolid, or 5th root, of 1 25000. ' 

Anf, 10456389. 

6. It i»feqoired to fiod the 7th root of loooop. 

7. It IS required to find the 365th root of 1.05. 

^Anf. I.OCK?tyj66 



^ 
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PROBLEM IX. 
To find the root of an cxfiorienHal equation, 

♦ 

RULE.* 

1. Findy by.triaU two nainbers» as near the trae root 
as poffible, and fubftitute them in the given equatioa 
in dead of the unknown qiiantity» marking the errors, 
which arife from each of them. 

2. Multiply the difference of the two numbers, found 
by trial, by the lead error, and divide the produd by 
the difference of the errors, when they are alike, and by 
their fum when they are, unlike. 

3« Add the quotient, lail found, to the number be* 
longing to the leaft errpr^ when that number is too 
little, and fubtradlit when too great, and the refult will 
give the true root nearly, ' 

4. Take this root and the neareR of the former, 
and, by preceediag in like niiaooer, a root will be had 
ftill nearer thatt before; aad. ib on to any degree of 
ezadnefs required. 

fiZAMPLES. 

I * ^ 

\ I. Given :rxa=sioo to find the va^ue of x by approxi- 
matioi. . 

I By the nature of iogariihmi a?X kfg.\^og. ioosb2* 

\ And^ Jince x is found by trial to be greater than 3 and 

[ kfs tian 4. 

^ Let^ therefore^ 3.5 and $ 6 be the tnvo fuppojed values 

\ of X. 

* The rule for folving exponential equations was inyented By Jldf. 
jyan MHrnOe^ nd pimflied ia the Xoj^ Ads, 1697. 
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Then the kg. xm*log. 3.5s .54406801 tmd xX 
hg. X zz 1.9042380 

2 



— .0957620aB ifi error too BuU 
And the hjg. x^og. 3*^*»*5563025 ; and 
xxifg* ^»a«oo2689o 

3 



•ooz6SgoiBs 2d. error, iaa greai. 
xjt Bumhr 3*5 i/l ^rr^r— .095762 

2d number 3.6 zd error +*oo268g 

O.l^Jif, •098451 aa/MH 

0.1 X. 002689 

•09845 1 '^ 

2d number 3,60000 
eorre£l'ton —.00273 

ySg'JZTm^xt^ root nearly. 

A^aiu, fuppefi x^p^gj ; tbeu we Jhaff Save 
leg. <2^»s.5559404« and 
xy^kg. j:ssi.9997I76, which fiikra9ed from t 
gives .0002824, the third error% too little. 
2d number 3.600 2d error -f .0026890 

id number 3597 ^d error — OOO2824 

.003 ««/£^ .00297 1 4=^/um, 

•003 X 0002824 _ , 

• — -^=.000285 the correSion. 

.0029714 •' 

^d number 3.597000 

torreSion +0.000285 

■ ' I. ■ ■ I ■ • ' 

3 597285 =jpass root required nearly, 

2. Given ^«« 123456789 to determme the! ▼aluetif 
^* jf^^«s8.640O268 
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INDETERMINATE OR UNLIMITED 

PROBLEMS. 

I A problem u faid to be indeterminate or unlimited^ 
when the equations, exprefiijDg the conditioDs of a qucf- 
tion, are lefs in nomber than the unknown quantities to 
be determined. 

And though fisch kind of problems are capable of 
iofiuraeraUe anrwers» yet the refuhs, in whole numbers, 
are generally limited to fome determinate number, and 
may be obtained as follows. 



PROBLEM I. 

To find the vaJuet of x and jr« in the equation axsssBy+fij 
Vfhere a, b^ and Cf are given numbered which admit of no 
common divifor^ 



RULE.* 

1. Let wh ftand for a whole number, and reduce 

the equation to jr=s-2 — a=±*tt«J 

a 

2. 'Make -^ — ^=^-^-^9 bj throwing all whok num- 

' a a 

bers out of it, till d and /be each lefs than a. 



• 



* This role is founded on the following obvious principles : 
That the fum, difference, or produd, . of aay two whole numbers, 

is a whole number. 
And that if a nombiertneafurek the wbi^ of any nnmber, and a 

pan of ity k wiU4dfo meafure the remaining part. 

•a • 



«34 OF UNLIMITED PROBLEMS. 

I 

3. SubiraA Ull^ or fame inulliplc of it, from 

— f~ -» — > or any other multiple of v that comes 

near the former, and the remainder will be a whole 
Dumber. « 

4. 1 ake this remainder, or any multiple of it, from 
fome of the foregoing fra^ons, or from any %vkole 
number, which is nearly equal to k, and the remainderi 
in this cafe, will alfo be a whole number. 

5* Proceed in the fame manner, with this laft remain- 
der; and fo on till the co-tffictcnt of^jr becomek equd 

to 1 ; or -^^srwi.sA. 
a 

6. Then will jras^;^— ^; wlicfe/ may be any whok 

number whatever ; and at the valve of ^ it now knows, 

»at of X may alfo be foand fnm the given equation. 

* * 

ezamflcs. 

I. Given i9x=i4^p — n, to find xand v in whole 

numbers. 

Tien hy fukraSi^ '9y_ *4y— " _ 5J'+'» „ ^. 

■• 19 12 19 

19 19 19 . 

19 19 19 

j^nd y:z tgp^6i wbere^ iff be taien a=i, /<»• tbi hafi 
affirmative value of y^ nve Jhall bave y^l^f and ^^559, 

the anptver, \^ 



^ 



*J 
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2. Given 3arir 8j? — 16, to find the values of x and ^ 
: in whole hambers. 

8v— r6 ^ , 2y-^i , 2y-^l 
Hert't Jr«s / as2y — 5 + -:i «= wA. or -^^^ 

3 3 3 

I S 3 3 

Whence y:=zlp+2 ; and by taking pszly wejhatthave jf=5 
tf»/ X =: 8» /;&tf anfwer, 

\ 3. Gfiren g^-^tj^crsobo, to find all the pofiible 
' T^^btts of ^ and y in whole numijers. 

Or 9 hy rejeSing zzz-^y^?!!^^ wb. numf. 
* 8 9 .9 

ri5^.>.. sr+ii:^ j±4_^. ^^, 

.: 9 9 9 

Whence y^9p — ^ i anfl. hy talmg p=jf we Jhall have 
jrsss5 and j?=»2I5. . 

Andy hy adding 9 cominual/y to the lajl value of y^ and 
fibtra^ng 1$ from that of x^ allikif^j^^ anfwert wt 
:fimd as foliowe : 

_ C215.189.163 I37.III.85-59-33- 

— 1^202 176.150 124, 93.72.46.2O*' 

„ ^C 5-^3-4i 59^77- 95 ««3-»3i ,.0 

" 1^13.32 50.68 86.104.122.140' ^^ 

4. Given 24a7ss=i^+i6t to find « and y in whole 
nnmbers. , -^V- -'^^^i* andyi^^* 
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5. Giveo i4*=iy+7> to find x and jr in whole num. 
bcrs. -^w. x=b3, andy^l. 

6. Given 27j:=i6oo— i6y, to find x and jr in whole 
numbers. ^ns. j'=i9» ^la^ 17=48. 

7. Given 87x-|-25<5y=i54io, to find the lea(l -Juc 
of or, and the greateft of jr, in whole pofitive noinfiers. , 

jirts. :c==30, and y^ " 00. 

8. Given 5^+7j^4*ns3B224, to find all tLw ^ ^tfible 
values of x^ y^ and zy in whole numbers* 

Ant* The number of ar jjen is 60. 

9. To determine whether it be pofiible to paf lOoL ta 
guineas and moidores only. 

jins. The quefiion is ImpoffbU. 

10. How many different ways is it po^Hle to pay 
lool. in guineas and piftoles only ; a guinea oemg equal 
to 2is« andapiilok to 17s. Ans* 6 d'jferem ways . 

11. Forty-oae perfons, men^ women, and cb. ^n, 
fpent among them 40s. of which ^each man paui 4s. 
each woman 3s. and each child 4d. how nar> "^ere 
there of each ? Ans, 5 men^ 3 women^ and 33 - -jren. 

I at I owe my friend a fliillingt and have ": ^hing 

about me but guineas, and he has uotUng tsu*. kais 

d'ors ; the quefiion is, bow muft I acquit myfelf of the 

debt? thel!>uis d*ors being valued at 17s. AnJ I natfi 

pay him 13 guineas $ and he muft give me id ivuu ^ //. 

13. To fidd in what year of Chrift the cycle of the 
fun was 8y the cycle of the moon lo, and the. eye of 
indtdion 10. Ans. Intheyifr t '67. 

14. It is required to discharge a debt of ^ri: «<rfdi 
guineas and moidores only, fo that thete may. L lOe 
leaft number of pieces of each fort ; and to find wVi .^ the 
whole will amount to, when paid every way it ^1'- }inlE. 
bly admit of. Anf, The number of noif .36 

and the ^lek ameuai 12636/ 
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15. A vintner has wine at 2s. is. lod. and is* 6d. 

fer gallon : how much of each fort mnft he take^ fo as 

to make a mixtare of 30 gallonSf to he fold at is. .8d* 

/rrgaUon^? Anf, i6« 2, I2« 17, 4. 9, 18, 69 6 \ or 

*" : 19, 8, 3, of ett^ fort. ^ 

i6.*'*rd*determine how many ways, it is pofiible to pay. ' 
loct.' ii^^rowns, guioeaS} and naoideres only. . 



'i.Ofl ^r 






IL 



» « 7oJli$dfuci a whole number x^ as ieing divided by tii 
\ given numberf^afhfCt^cJbaU leave the given remainders 

<rshli* 

ri^^nbtrad each of die remainders from x^ and 
dtTi(£jfJ^e difference by «» and there will refnlt 

^i^^'^-IIs- ■ ., fi^r. zswboh numbers* 
a \ \a * a 

.g^ ^$1X the valqe of Xj in the firft fra^liony jb and 

fnljftitate this quantity in the place of x^ in the ftcoii4 

a^^ Find the lead value of f^ in the fecond fraAiony by 
tbci '/I nroblcmy and call it r. 

^ .rj^^ the value of x be found in terms of r, and 
fub'?SptcHhis quantity in the place of x in the third frac- 

d ^''Find the leaft value of r in the third fraaioa, 
ancr'c^ it / ; and the value of j? in terms of /» beinv 
fubftttVi^ed for x in the fourth fraAioUi a^ fo od» wt& 
give the whole niunber required. 
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EXAMPLES. 



^ I. To find the leaft whole nomber, which being 
divided by 17, (hall leave a remainder of 7; but, beioe 
divided by 26, the remainder fhall be 13. 

Let *eB nufnber reqmred, 

Tien f=?, «i</'^"::±3« wAaUmtmhri. 
?7 ao 

^ff<A by putting l^p^ wjbaff iave xsijf^f ^ 

ITbkh value of x beti^ fubjituted in the idfra&m^ 
^w/ iZ-— =«;*• Bui^it alfi ^wb. 

. Jlnd.tberrfon.''±^Ut^::,2t^^^t, 

26 16 26 

^lu/, hyrejeSingPf we have ^-—r- sswh.^r, 

JSAm^^ /= 26r— i8y and fy taking rssi, <iu^ Jhatt haw 
^■s8. 

-^«4 etrnfequently J?«=I7X8+7«143» ^& w»ito rv- 

2. To find a number which being divided by ii, 19, 
and 29, the remaipders fhall be 3, 5, lo.' 
Let xsa number reqwred* 

Then If ± and ^whole numhere* 

II 19 29 

Jind, fy fuUi^g ^^Zllsmp^ nuejhallhave xsziifi+j; 



J 
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WhicB value of 96 f leing fubftituted in the tdfraaiMh 
lip— 2 , ' lip — 2^^22p — ^4 ,, 

19 19 19 

Stzl«BwA. <^/tt/, 3y rejeaing p^ we fiatt have 

19 19 19 19 

iaWiJ, «r by r^eSlng the 1, *-^ — 2b*w4. ffiim^. 

Ja/ 122. ;^ lihwiset «wA. and therefore,— 

19 '9 

^^^ ss-ClL£»<u;i^. number, which let he put ^r. 
19 19 

««!,/= 19'— 5» ««/ «=(i9'^S)X"+3«209 
r'~'^2» 
And by fuhjituting this value of x in the $d froBioth 

noejhall have ^SS—lJL^'jf^z+J^r:::zwL which, 
•' 29 29 

bynegUSing 'jr-^2, gives — — =iw^. number, 

ty rejeaing r, =w^. w^wi to he put ^s* 

T'i^f/i r=29i+29 ; and by putting s^o, wf Jhall have 
r=s20. 

-iW, cottfequently^ x^20^yC20S2^^i2%\ 
Therefore, J^l2%^ number required, 

3. To find the Icaft whole number, which, being di- 
vided by 1 9, (hall leave a remainder of 7 > but, being 
divided by 28, the remainder fliall be 13. Anf. 349. 



i^ diopHantine problems. 

4. To find a number which being diTided^ by 39 5« 
7» and 2, will leave the remainders 2, 4, 6, and o, re- 
fpediveljr. Jim. 104. 

5. To find the leaft whole namber» which» being di- 
vided by i6y 17, i8» iQy and 20» fliall leave 6, 7, 8/9, 
and 10 remainders. jIhs* 232550. 

6. To find the leaft whole namber, which, being di- 
vided by the nine digits refpeAivelyt (hail leave no 
remainders. Atu, 2520. 

7. To find the leaft whole nombery which being divi- 
ded by 2, 3, 5, 7, and i i, (hall leave I9 2, 31 4» and $$ for 
remainders. >^»r. ^J^S* 



DIOPHANTINE PROBLEMS. 

* Dlophantine prohkmi are thofe which relate to the 
'finding of fquare and cube nnmbers» &c. and are fach as 
are generally capable gf a great vnncty of anfwers. They 
are 10 called from their .inventor DUphantus of Alexandria 
in Egypt^ who fiourifhed in or about the third centurji 
and is the firft writer on Algebra we meet with amongft 
the ancients. 

Thefe queftions are fo exceedingly curious and abftrufe» 
that nothing lefs than the moft refined Algebra, applied 



• That Diopbantus was not the inventor of algebra, as has been 
generally imagined, is obyious; fdr his method of applying it k 
fudi, as could only have been ufed in a very advanced ftate of the 
fdence. 

He no where fpeaks of the fundamental rules and principles, at 
an inventor certainly would have done, but treats of it as an art 
already fufficieotly known ; and feems to intend, not fo much to 
teach it, as to cultivate and improve it, by folving fuch queftiont 
as, before his timC| had been thought too difficult to be fqnti<Hmt«4« 
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with the dtmoft flctU and jadgment, can farmoant the 
difficulties which attend them. And* in this wa7» no man 
has ever extended the limits of the analytic art farther 
than Diopbantutf or difcovcred greater penetration or judg- 
ment in the application of it. 

When we confider his work with attention^ we are at 
a lofs which to admire moft^ his wonderful fagacity and 
peculiar artifice, in forming fuch pofitions as the nature 
of the problems required, or the more than ordinary fub* 
tihy of his reafoning upon them. 

Every particular queftion puts us upon a new way of 
thinking, and fumifhes a frefh yetn of analytical trea* 
fure, which cannot but be very inftrudive to the mindf 
in condudling it through almoft all difficulties of thil 
kind, whenever they occur. 

The following method of refolving thefe queftion^ 
will be found of confiderable fervice ; but no general 
rule can be given, that will fuit all cafes ; and therefore 
the folution mnft ofttn be left to the fagacity and fkill of 
the learner. 



' It 18 probable, therefore, that Algebra was known in the world 
long before the time of Dia^ba/itut ; but that the works of preceding 
writers have been deftroyed by the ravages of time, or the depreda- 
tions of ignorant barbarians. 

His Ariihrnetusy out of which thefe problems were moftly col- 
leAed, confifted originaHy of thirteen books ; but the firft fix only 
are now- extant. The beft edition is faid to be that publilhed at 
J*arUfhj Mon^eOr SacBet, in the year x6ai. In this work, the 
fttbjedl is fo ikilfolly handled, that the modems, notwithftanding 
their other improvements, have been able to do little more than ex- 
plain and illttftrate his method. 

Thofe who have fucceeded beft, in this refpeA, are FUta, Bramui' 
ier^ Kerfiy^ Be BiUy, Ozanam^ PrtfiH^ Saumierfmy Femutt^ and EuUr* 
The laft of whom, in particular, has amplified and illuftrated the 
Diophaotine Algebra in ai clear and fttu&^ory a manner as the 
ibbjc^ fecouto admit* 

N % 



bi 



j+a DKMPHANTINE PROBLEMg* 



BULE* 



I. For the root of the fqoare.or cube required, put 
one or more letters fuch, that when they are inyolved, 
either the given number, or the higheft power of the 
unknown quantity, may yanilh from the equation ; and 
then, if the unknown quantity be but of one dtmenfiont 
the problem will be foWed by reducing tbcequatioo. 

a. But if the unknown quantity be ftill a fquare, or a 
higher power, A)me other new letters muft be afTumed to 
denote the root ; with which proceed as before ; and fo 
on till the unknown quantity is but of one diqaenfioft ; 
and from this all the reft will be determined. 



EXAMPLES. 

I. * To divide a given fquare number (loo) into 
two fuch partSf that each of them may be a fquare num- 
ber. 

Let x^[ssij^) he one of tie parts ^ and then lOO — x^ will 
be the other part^ nuhich is also to he a square number* 



* If X — lo had been made the iide of the fecond fqoare, in 
thU queftion, inftead of %x — lo, the equation woidd have- 1»een 
** — aoJt-|-ioOir:iQQ — A«; in which cafe, *, the fide of tht 
^rft fqaare would have been found =^zo, and x-^io, or the iide 
pf the fecond fquare ^=rO; -and Jor this reafoa the fubftittttion> 
X — XO» was avoided ; but jx — jo, 4» — xo, or any other quantity 
of the fame kind, would have iucceeded equally as Well as the 
former \ though, ia fome cafes, the r«falts w«uld hive>becti k£t 
fimple. 



\ 
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Alfiim the iidi of this sdcmtd square s2 ir-^io. 
Thmwili 100— x2aB3<2ar — 10)2=4x2 — 40:r4*lOO; 
jfttdf by riduSlon^ orssS^ and zx — 10=6. 
Therefore 64 and 56 are the parts required. 



THE SAME GENERALLY. 

Let a^ as gi^en square number^ x^ (=n). = one of Its 
parts i and «*-— ^2= the other ^ «ivhich is also to be a square 
number, 

AJume the Jide of this second square =rx — a^ 
then rwill a^—x^^{rx-^aYz^r^x^—2arx+a^ I 

Andi by reduSton^ x^s _ , ana rx — a= — ; a 



T— "^ 



2ffr2 ar^+a ^'*— ?_ 



r^+i r2+i 

ss: toa square number* 



r2+i r^ + i r«+i 
Therefore ( ^^^ ^ and ^^LUfV are the parts required; 

where a and r may be any numbers f taken at pleafure. 

2. • To divide a given nambcr (13) confifting of two 
known fquare numbers (9 and 4) into two other fquare 
numbers. 



If * and r be any two unequal numbers, of which j is the greatei 
then will ir*, J* — r* and i* \ r* be the perpendicular,, bafc, and 
hypothenufe of a right-angled triangle. 

And from this canon two fquare numbers may be found, whofc 
iiim or difference fliall be fquare numbers ; for (ar* ;*+;^j* — ^r*)*=aB 
(i«-t.r«)s and (r*+*')*— (»«)'=(''— '•)*»«' ('•+'•)•— 
(i» — ^r* )• =5:(»r/) •; and this when # and rure any numbers what- 
ever. 

* Thta qndlioa is ceniidered by Jik^MOm as a very important 
one, being made the foundation of moft of bis other probkaiai^— Jn 
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For the sidt rf the fait spun t$ughty ftU rr— 3 ; aad 
for the side rf tie tecondf tx — 2 ; r hei9^ the greater mm- 
hrp audi the le/t» 

Them wU (r*— 3)« + (7X— a)« = (r»jr«— ^x+9) + 

+/«)x8=(6r+4/)x. 

A»d from this equation^ by reduSiont x Is frnmd s= . ^ ^ 

Whencerx-i^ ^f!±4^_ 3 = il±*i=3^ = s)de 

of the fau square sought, 

M J 6rx+4/* ^ &r3 — 2r*+2/* -t r 

^/tw/, /X — 2= ^^ — 2= --— ^ = Xftfe ^ 

li&r second. 

So that if r he taken aB2» iW /=l» m .^ai7 iStfitf 
3i^+4r/-3x^^ 17 ^6r/^2r^+2i»^6 ^^ ^.^ 

fA^' sguarejf in numbered as tua's required* 

If ^2+^* he put equal to the number to be divided^ tk 
general solution may be given in exaSly the same manner* 



the folution of it, given above, the values of r and 1 may be taken 
equal to any numbers whatever, provided the proportion of thofe 
cumbers be not the fame as that of $ a) to a(^i, or s4-%(a \'6) 
to 3 — 2(0 — 6). And the reafon of this reftridion is, that if r and 
* were fo taken, the fides of the fquares fought would come out the 
fame as the fides of the known fquares which compofe the given 
number, and therefore the operation would be ufeleis> 

The excellent old Kerfey, after amplifying and ilhxftrating this 
-problem in a variety of ways, concludes his chapter thus: ** For a 
justher account of this rare fpeculation, fee Andnfimis^ Theorem^l 
of Futa\ my/krioMs dodrine of Angular SedioDs ; and likewiie» 
Herugvmui^ at tfac lattCT cBd of the firft tme of hx» Curfus Jnf^itbe^ 
WMtieiu* 
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}• To find two fqnare nnmbers, whoCe difference (hall 
be eqoftl to any given numbcx (J)* 

l^d be resolved into any two unequal faStrs a and hi 
being the greater and h the less. 

Also put X for the Jide of the Itse square sought^ and 
»-f ^aa side tf the gr$ater» 

Then (a7+*)2-^r3-a?»+a*jr+*2— JiJ« « ihx'\'h^ - d 

And if this he divided hy ^ vsefball have tx+hsza. 
IFhenee xsm^—^» side of the less square sought f 

mid X'¥i^—+t^'^^'=- M of the greater. 
2 z . 

So that By putting i/=:6o, and 5x^=2X30, we Jhall 

*w<ri2r=i«i4, ««/i2i:i«i^ pr(i4)«»i96, <tni 

(i6)2s256 for the squares in numbers ; susd s^ far any 1/5^ 
ference or foiSors whatever. 

4. To find two numbers fuch, thaty if either of them 
be added to the fqoare of the other, the fum Ihall be a 
fqnare number. 

Let the numbers sought be x anJy* 
THen x3+jr=a, and y^+x^Cl* 
And, if r-^ be e^umed f&r the side for the firfi square 
*H^» wtf shaU have J^+j>=sr2.-.2r;r+JC*» ^^ jrssr*— * 
%rx^ 

Whence 2ncs=r2-^ or «*= -L. 

2r 

Again if y¥s be affumed for the side of the second square ^ 

we shall have v2+!!z2:(/+j;)={^+/)2=/+2ij^+J« 

zr 

ar 



Whence, tzl^isy^s^ (sr r^^yxsJ^rsy-^-zrs^ 
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ji$id eonsequcMtlyf yss ami xss — 2.cb 

4r/+i jr 

4r/+i * 

50^41/ , - ami , tffir lAf numkrs re 

4r/+i 4^/+! 

wtkeJi whin r atii i^ maj he taken at phature^ fritwdei r 
U ^ioter than 2ih 

5* To find two nnmben, wbofe fam and diflereiM 
fliall be both fquare nnmberi. 

Lit M ami X* — X be tie two muiAere t9iight. 

Tietif since tbelr sum is evidently a square number, one ef 
the comHtians of the que/Hon wUi be answered. 

Tlere rematnsp therefore, only their dkffereme «*— <-2» t^ 
he made a s^sare^ 

^'u/f if for the fide of this square there be put «^-4*, «c 
shaU have j:*— 2rx+''*'«'a?*— 2x, or zrx-^zx^zr*. 

IVbetiee, xss and x2i--«raa (JL — ] ..^ • 

ar — 2 \zr — 2/ xr— a 

So that ■ . and { ■■ . w ) .^ , , are the nsimhcn 
zr — 2 \2fw-2/ ar— 2 

required s where r may be taken at fileaouref provided it be 
greater than x, 

6. To find three numbers fach» that not only the 
fum of all three of them, but alfo the fam of evety two, 
(ball be a fquare number. 

Let j\jpt ^^"^4^ and zx+i^ be the three numberf sougbt* 
Then (4a:)+(x2— 4jf)=x2, (x*— 4x) + (2a:+i)=sx» 

^-2j:+i, and (4jr+x« — ^•^'Zx^i)sax^'^zx+jf are 

evidently squares, 

jind^ thertforci three of the conditiane mentioned in tkt 
queetiona are accompHehed* 
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Whence it remains only to mate the quantity (^r) -|- 
(tx-f-l)* 9t 6x-f-i=: to a square. 

Lett therefore^ 6x+i^tf2^ and we shall have xiss, 



6 



jtuJ/ consequently, ■ ■ V^ f — ^ j ?— - ^ ■ atsd 



ta* — a 



2tf— 2 a ^— 26flg+25 _^ fl*+.2 
-f-I ; or f ;;= 9 ^^a — — , 



ofv /Af numbers required ; wto-* « «ajf be taken at pleasure^ 
proMed a be greater than 5. 

7* To. fiod three fqdare nnmben facb» that the fum 
of every two of them fliaU be a fqaare number.* 
Let x\ y^f and «*> he the. numbers sought 5 
Then x^+%*^Dt J^'+^S «□> ««^ J?*+jr«=n. 

Or J + i=D,5+» = °» -'«^S+S^°- 

X /* — I .y r»— I , „ 

^i«/, fy putting -= -^, a»i/-J = -j;ri ^ '*^^ 

wAtcA arc 60M evidently oquaree ,• onrf therefore it remains 
only to make ^+$ « •fi««»"^ nttwdw. 



• This qucftion U capable of aercatyaricty of anfwers; but the 
leaft roots which have yet been found, in whole nwnbers, arc 44, 
117. and a4Q See Elemifn ic jlgAre, par Jfcf. EuUr, tome II. 
page 3»7 ; which is a work particuUtfly calculated for ^the ufe of 
S^e iho wifli to obtain a knowledge of Algebra without the aflift. 
sice <^ a mafter. 



\ 
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4r» "" 4rV* 

Or r«X(/«— i)«+/*X(»*— l)*Sf«X(/+I)»X(*— 
^)*+'*X(r+I)*x(•:*— i)*ss to a sptau mmdier. 
And hy maltng r—>i=ss/-|-i, or r=/«^2, wr #^^4^ 

i&aw(/+2)>x(x+i)»X(/— i)*+/»Xa+3)*X(*+l)* 
OB /o a 9quaTt number^ 

0r(/+2)«x(x— l)'+/*x(/+3)*=:2x♦+8/»+6/*— 
4/-|-4aBs /o a square number, 

Mvfy let the root qfthU sqwitt be auumtd n »-[j^ - -t +f, 

Then, a/*+8/3+6/?— 4/+4«(|**— «+2)»«*i#^— 
4»*+5#*+#»— 4^+4; or2#*+et3tt:^4#*,.4«3j «r 2«+ 

Whence «s— 24» «»^ r=:— 22. 

% %H 48 s 2r 44 

Or :r«~ X7^.?, W^«-4?3f . 
48 44 

J» ordery therefore^ to have the answer in whole numberM 
let ZSB5289 and we shall harae X9s6^2$y and y^jgS 
or 528, 5796 and 6^2^^ for the roots of the squares fe* 
quired. 

8. To find a number ar, facb» that 4^+ < ^^^ ^'^^ 

ihall be both fquare numbers. An». jraB|, 

9. To find a number x fucb} thai X4-128 and x+ 
192 ihall be both fquares* Ant^ ^^97, 

10. To find a number xfochy tbat^^+^apd x^— >^ 
nay be; boxh fquitnu,. Am* li^ 



J 
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11. To find two numbers x and y fochy that xJ^y^ 
^^rS% and y'^+x may be all fquarcs. 

Am. x=^ and yzs^^. 

12. To £nd three fquare numbers in arithmetical 
progrefiGon. jint. i, 25, and 49, 

13. To find three fquare numbers in harmonical pro- 
portion. ^ jtns. T2%Si 49 and 25. 

14. To find three numbers in arithmetical progref- 
fioQ fuch, that the fum of every two of them may be a 
fqnare number. jins. i2o|t %^o^9 and 1^60^4 

15. To find three numbers fudiy that, if to the.fquare 
of each of them the fum of the other two be added, the 
three fums (hall be all fquares. ' Jim. |» V and i. 

f 16. To find two numbers in proportion as S is to i^ 
and fuch that the fum* of their fquares fliall make a 
fquare number. Ant. s'jS and loBo. 

! 17. To find four numbers fuch, that, if a Iquare 
'humber (100) be added to the produd of every two of 
them, the fums Ihall be all fquares. 

Am. 12, 32, 88, and i68. 

18. To find two numbers fuch, that their difference 
may be equal to the diflPerence of their fquares, and that 
the fum of their A^uares (hall be a fquare number. 

Am. 4 and\. 

19. To find three numbers in geometrical proportion 
fuch that every one of them being increafed by a 
given number (19) (hall make fquare numbers* 

Am. 81, i and^H^ 

20. To find two numbers fuch that if their produ^ 
be added to the fum of their fquares, it thaU make a 
Iquare number. Am. 5 and $$ 8 and 7, 16 and 5, ^c. 

21. To divide a given number (10) into four fuch 
parts, that the fum of every three of them may be a 
iquare number* Am. i, 6, mand f}f. 

O 
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Z2. * To fifid three fqaare nnmbers faeb that thetr 
fum being feverallj added to their three Hdes, fbaH make 
r<}iiare numbers. 

^*»'- iii\h HUif onJ |*K^=: m// required. 
vS3. To find two numbers fueh, that their fum being 
iRerfafcd.aad lefieaed* either by their difiereoce, or the 
dtffrreaoe of their fiq^nares, the fums and remainders 
(hall be all fqqares. jinx. ^^ tmd ^ 

34. To fiad two nombers fucbs that not only each 
number» but alfo their fumi and Uieir difference, being 
increafed by unity, (hall be all fquare numbers. 

Anu 3024 ami 5624. 
< 35* To find three numbers fuchr that whether their 
fum be added to» or fubtraaed fioray the fqnare of ^M:h 
particular number, the nombers thence arifing (hall be 
alirqnares. Am,"^, VVS ^d \%\ 

26* To find three fquare numbers fucht that the fum 
of- their (quares fliall alio be a Square number. 

Jfnj. 9» 16, aaJ V^. 

27. To 6nd three fquare numbers fuch that the dif- 
ference of every two of them (hall be a fquare number. 

jfns. 4858099 34225, and 25409. 

28. To divide any given cube number (8) into three 
other cube numbers. Ans. 44, VV, andu 

29. Two cube numbers (8 and i) being given, to 
find two other cube numbers, who(e difference (hall be 
equal to the fum of the given cubes. 

Ans\ •ft^i?, and 4^, 

30. To divide a given number (28) compofed of 
two cube numbers (27 and 1) into two r.ther cube num- 
bers. Ans.Uiiim''»d^iii^iti,ercoif. 

31. To find three cube numbers fuch, that, if from 
every one of them a given number (i) be fubtraded, 
the fum of the remainders (hall be a fquare. 

. . — 

• The anfwcrs.to naay o£ thcfc qucftions cannot Uffivcs kt 
whole Qiunbers. 
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32. To find three numbers fncb, that if they -be (e- 
verally added to the cube of their fom, the three funis 
thence arifine (hall be all cubes. 

3 J. To find three numbers in aridsmetical proportion 
fuch, that the fum of their cubes (hall be a cube. 

jins. 3, 4« 5, or 149, 256, 363, fc«^. 

34. To find three cube numbers fach, that their hm 
(hall be a cnbe number. 

jfut. 3% 4% and S^f ^r 2l», 19% 18% ^r. 

35. To find two nnmbiers fueh, that their Aim fliall 
be eqnal to the fum of their cubes. Jhs. ^^nd \. 

OF THE 

SUMMATION AND INTERPOLATION 

OF 

INFINITE SERIES. 

' The doBrim of tnfit^e serieo^ is a fobjea which has 
engaged the attention of the greateft maihcroatician* 
in all ages; and is, perhaps, one of the moa abftrufe 
and difficult branches of abftrad mathematics. 

To find the fum of a fcries, the number of whofe 
terms is inexhauftible, or infinite, has been confidered 
by fome as a. paradox, or a thing impoffible to be done. 
But this difficulty will be eafily removed, by confider^ 
ing that every finite magnitude whatever is divifiblc m 
infinitum or confifts of an infinite number of parts 
whofe aggregate, or fum, is equal to the quantity firft 

ptopofed. . J « 1 • 

A number aftually infinite is, indeed, a plam con- 
tradition to all our ideas; for any number which we 
can poffibly conceive, or of which we have any notion, 
mnft always be determinate and finite; fo that a 
greater may be ftUl affigned, and a greater after this ; 
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and to on, witbont t poffibSity of ever coining to an end 
of the increafe or addition. 

This inezhaoftibility, in the natare of numbers, it, 
therefore, all that we can diftindlir comprehend by their 
.infinity ; 4br thoogh we can ealily conceive that a finite 
quantity may become greater and greater without md, 
yet we are not from thence enabled to form any notion 
of the ubmattm^ or laft magnitude, which is- incapable 
of Airther aogmentation* 

We cannot, therefore, apply to an infinite feries the 
common notion of a fam, or a coUeAion of ieTeral par- 
ticular numbers, which are joined and added together, 
-one after another; for this fuppofes that thoie parti- 
culars are all known and determined. But as cTcry 
leries generally obferves fome regular law, and conti- 
nually approaches towards a term or limit, we can eafily 
conceive it to be a whole, of its own kind, and that it 
muftj have a certain real vaiue> whether that value be 
determinable or not. 

Thus, in many feries, a number is affignable, beyond 
which no number of its terms can ever reach, or indeed 
be ever equal to it : but yet may approach to it in fuch a 
manner as to want lefs than any given didPerence. And 
this we may call the value or fum of the feries; not as 
being a number found by the common method of addi- 
tion, but fuch a limitation of the value of the feries, 
taken in all its infinite capacity, that if it were podible 
to add all the terms together, one after another, the fum 
would be equal to that number. 

Again, in*oth^ feiies, the value has no limitation; 
and this may be exprefled by faying, that the fum of 
the feries is infinitely great ; or, which is the fame thing, 
that it has no determinate or aflignable value ; but may 
he carried on t6 fuch a length, that its fum (hall exceed 
any given number whatever. 
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According to the common rule for fummtng up a 
finite progredion of a geometric decreadng feries^ where 
r is the ratio, / the greateft term» and a the leaft, the 
fum is (r/— ^)-r{r — i): and if we fuppofe a the left 
extreme, to be actually decreafed to o* then the fum of 
the whole ferics will be rl^(r — i ): for it is derooiiftrabley 
that the fum of no aiSgnable number of terms of the 
feries can ever be equal to that quotient ;' and yet no 
number lefs than^ it will ever be equal to the value of 
the feries. 

Whatever confequences, therefore, follow fr^n tb^ 
foppofition of r/-i-{r— I) being the true and adequate 
value of the feries, taken in all its infinite capacity, ^H 
if all the parts were actually determined, and added 
together, they can never be the occafion of alny affign^ 
abl^ error, -in any operation or demon ftnition where it 
is ufed in that fenfe ; becaufe if you fay that it exceeds 
that value, it is demonftrable that this excefs muft be 
lefs than any aflSgnable difference, \^ich is, tn effed, 
no difference at all ; whence the fuppofed ^rror caniade 
exift, and confcquently ri'i'{r — i) may be looked upon 
as expreflSng the adequate and juft value of the feries, 
continued to infinity- 

But we are further fati^fied of the reafoaableliefs of 
this doarine, by finding, in fa<a, that a finite quantity 
a^ually converts into an infinite feries, as appears in 
the cafe of circulating decimals. Thus \ turned into 
a decimal is a= 6666, &c« =T^+Ti5^+T-y?nr+ioado» 
&c. continued ad infimtum. But this is plainly a geo- 
metric feries, bi^inning from tV ^o ^^ continued ratio 
of I o to I, and the fum of all «», terms, -continued to 
.infinity, will evidently be equal to -f:, or the number 
from wh«nte it was originally derived, k 

And the fame may be (hewn of many other feries, and 
of aU circulating decimals in general. 

"02 
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I 



PROBLEM L 

Am/ 9tri€% being given tojmd the several orders of differ- 

ences. 



RULE. 

!• Tftke the firft term from the fecondy the fecond 
from the third, the third from the fourth, &c. and the 
remainders will form a new feries, called the JSr/i onier 
§f differences* 

2. Take the BtA term of this laft feries from theie^ 
cond, the fecond from the third, the third from the 
fourth, &c. and the remainders will form another new 
feriet, called the lecend order 0/ dkjfcrencet. 

3. Proceed, in like manner, for the thirds ftmrih^ ffih^ 
Ac. orders of differences ; aiid fo on till they terminate, 
Or;are carried as far at is thought neceflarj. 



BXAliPLKS. 

I. To find the fepretal orders of differences in the 
Ibriesi, 4, 9, i6» a/, 36, &c. 

i> 4t 9» >^» «5» 3^» *c. 

3» 5» 7t 9t ^^ *c- ^ffdiff, 
a, 2, a, 29 &c« 2d diff. 
o, o, o, &c. 
«• To find the federal orders of differences in the 
ffries I9 S, 27, 64, 125, 216, &c. 

1, B, 27, 64, 125, 216, &c. 
7» *9» 37f 61, 91, &c. i//ifi^ 

12| l8, 24, 30, &C. 2i/^. 

69 6, 6, &c. 3^ diff. 
o» O9 ftc. 



I 
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3. To find the (bveral orders of differences ia the 
feries i» 3» 6» lo, 15, 21, &c. 

^««. I/?, 2, 5, 4, 5, e^V. 2// I, I, I, ^c. 

4. To 'find the feveral orders of di£B:renees> in the 
feries ip 6, 20, 50, 105, 196, &c. 

-^»«. iJfSi 12, 30, 45, 91, Utc. 2</9, 16, 25, 36, 
^c. 3^7, 9, II, 6fc. 4/A 2, 2, ^c. 



PROBLEM II. 

Any series^ a, d, c, rf, <?, ^c, being given to find the first 
term of the nth, order of differences. 



RULE.* 

Let i (land for the firft term of the nth> differences. 

«-— I n — I ^,«-— 2 , . 

Then will a— «*+« X c— wx— — ■ X -— -^+ 

2 23 

fl'x^^X^^^X^^^^ 5cc. to «+i terms «.f, when 
23 4 

-•» is an even nnmber. 

And — ^+n^— «X c+wx— -X— — £/— «X 

2 '* 3 

ix^!^X^^^» Ac. to n+i terms »/, when 



2 3 4 

19 is an odd nnmber. 



• When the fevenl erden happen to be Tcry great, it will be 
■lof c twiTenient to tAe the logwithms of the quantitie* concerned, 
whofe differences will be fmaller ; and, when the operation is fimih- 
cd the yainity aaTwoiiig to the laft logarithm may be ealily fowuL 
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1. Rcqniretl the &rft term of the third order of dif- 
ferences of the feries i, 5, ly, 35, 70, Ac, 

Ln (I, h, i:,d,e, isfc. =1, $, 15, 35? 70. '?'f- «''i/n=J- 

Then --a-^-nb — nX^lt — "X ^liyC!^^d=—a 
2 23 

+3*— 3^+''=— 1 + 15—45+35=4 = '**>•«' '«"» "■ 

2. Required the firA term of the fourth order of dif- 
ferences ot the feries 1, 8, i-j, 64, iZ5,&c. 

Lei a, h, c, d, e, W;. = I, 8, 27, 6+, 125, Sfc mi 
n = ,. 

^X^X^^O =<>-4i+6^-4rf+.-.-3>+ 

* 3 4 

162 — 256+125=0; « /lia/ ihtfint term e/ lie ftmrti 
oriler ia o. 

3. Required the firfl term of the fifib order of dif- 
ferences of the feries i, i, i,h-^t &c. jiat. — -^, 

ed the firft term of the 8th order of dif- 
W leriei i, 3, 9, 27, 81, Sec. Am. 256. 



r in tbtC: kind ti qaeftims atHf be aftcn abiM^ 
len for fame of the tenna M [he bcpnaiDg uf die' 
b mcus renrsl «f thedificrencn will be -e^Ud M Cs 



Vn 
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% . . PROBLEM III. 

lap ■ 

TaJInd the nlh. term tf the eeriee^ a^ b% c> d^ h ^^« 



Ititt 4^, i^t i^\ J*\ ta. be the firft of the feverrfor- 
4ers of di£Fereoces foond as in the laft problem. 



Then will tf+?Z:irf«+?Zlx'^-^"+^^X 



te. be =^3. termreqmred. 



XZAMPLXS. 

I. To find the lath term of the feries, 2, 6, la^ 

2C, 30, 5cc, 

3, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2, 2$ 5cc. 

0,0, &c, 

J/w 4 tfnJ 4 an? /A^//;^ /^w of the differences, 

Leh therefore, 4=s</S 2^d% andn^it. 

ri^a+^d^+^X^d-^2+ild^+ 

55Ji>sB2+44+iiossi56»i2/i /#r«r, ar the answer 
reguired* 
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2. Rcqaired the 20th term of the feries 1, 3> 6, 10, 
15, 21, &c. 

ij 3» 6, 10, 15, 21, &c. 

2j 3> 4f 55 6, &c. 

I> I9 1, I9 &c. 
O, O9 0| &c. 

Here 2 tf «df I /?rtf ihejirfi terms of the differences, 
Lety therefore^ 2zzd\ issd", and nas20, 

nena+ ^!l=Ld'+'!:zLx'^=:ld-'^i + i9J'+ 
I I 2 

X7irf»' = i+38+i7i=-2io=:2oM/<rnif required. 

3. Reqirired the i^ih term of the ftrics i, 4, 9, 16, 
25» 36, &c. ^wj. 225. 

4- Required the 20th term of the feric,s 1, S. 27, 64, 
i«i> &e. ^ ' ^„ff. 8000. 



' PROBLEM IV. 

To find the mm qf n terms of the aeries a, by c, d, f, l^'c. 



RULE. 



Let rf% cf", d»»% rfiv, &c. be the firft of the feveral 
orders of differences. 

Then willna+nx'UZLd'+nx 2=ix!!=ix^^ 

2 23 

234 » 3 

w — 3 » — 4 

*— ~><-7-'«*^ ^' ?*= to the fnm of « terms of the 

4 5. 

feries, 
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EXAMPLES. 

1. * To find the fum of n terms of the feries i, 2, 3» 

4, 5, 6, &c. 

i> 2> 3» 4> 5» ^ &c- 
i» ly I9 I9 I, &c. 

Oy O9 o, o» &c. 

ff^e I fl«fl? o arf the firfi terms of the differences : 
Let therefore a=i, d' = i, tf«rf flf'*=o; 

Then ^mna+ny^'ilZLd^^n+'tl^^t±It^ turn of n 

ttrvu a» regaireJ* 

2. To find the fum of n terms of the feries i*» 2*, 32, 
4S 5*» &c- or 1, 4, 9, 16, 25, &c. 

It 4, 9, 16, 25, &c. 

2, 9, 2« te. 

^ o» o» &c. 

^ifTf 3 £iiicf 2 are the firfi terms of the t^erenee^ : 
Lett therefore^ a=i, d*=s3, and d"=2. 

2 23 

2.232 2 

nx(ii+l)y''2«+i) ^ , . . 

«? — 2u-I — ^ ■ ' / aa sum of n terms f as reqn$red, 





* Any term of a given feries, or the fum of any number of itts 
tei«u may be accnrately determined, wben the diiSerences of any 
order become atiaft e^ual to each other* 
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3. To find tbc fom of n terms of the feries i^, 2?, 

3% 4'» S*» *^- ^ ^» ^» *7» ^ ^^Sf ^c- 

It B, 27, 64, 125, 5cc. 

7» i9» 37f 61, &c. 

la, 18, 249 &c. 

Of &c. 

i5fcw# «fc>#^ term §f the dtfferenees are 7, 12 ifffc/ 6. 
Let,ttereforet a^ifd'^j^ rf"«i2, fl«rfi/*"=6. 



+n x2:^x^>< ^^T^'"-«+7«X^+i2« 
234 * 



^23 234 a 

4-in3 — 6f^+4ii«| -^ ^ 

as x«M ^ n terms f as requireeU 



'rf-* 



4. To find the fom of n torms of the feries 2, d, 12, 
ao, 30, &c. ^^ «X(w+i)x(«-f2) j 

3 \ 

5. To find the fum of n terms of the fisries i, 3» 6^ lo^ I 

12 3 

6^ To find the fum of n terms of the feries i» 49 10^ 
20, 35. *c. ^ «x2±ixi^x'^3 

« « 3 4 • 

7. To find the fom of n terms of thefertes iS 2S 3*f 
4>i dec. or u <6» 9 If 2569 ^c. 

Am. -H h— '—— . 

5 a 3 30 
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PROBLEM V. 

T?ie aeries a, A, c, rf, e^ istc^ being giveuy whose terms 
are an unites distance from each other ^ to find any intermC' 
diate term by interfiolation. \ 



RULE* 

Let X be the diftance of any term y to be interpo- 
lated, and t/», <^»,^»", &c. the terms of the diflferences . 

Then will a+xd'+xx^^^ d^^+x X ^^^^ X 

2 2 

3 234 



BXAMPLBS. 

I. Given the logarithmic fines of i<> a', i** i', i^ 2' 
«id I® 3', to find the fine of i° i* 40". 

,p q/ jo if jo 2' lo 3' 

S/w« 8.2418553 8.2490332 8.2560943 8.2630424 

71779 7061 1 69481 

— 1168 — 1130 

38 
Here thefirfi term of the differences are 71779—1168, 

and 38, 

Let, therefore, ar«io i' 40"— 1*> o'=i' 40 =^f=« 
i&ftance of y, the term to he interpolated: and <i>=7i779> 

Then will »=Sii+xrf»+^X^^<^'+^X^^X 
* P 
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•0119631— xxx)o694^-%oooooo2=:8.2537533s fm ^ 
B^ I' 40'' tfiVMKx Ttqmrei, 

2. Gircn the fcries -nr* tV* tV» tV tV» &c- t<t> find 
the tenn which ftands in the mtadle between ^-V and -^ 

3. Given the nacnnd ungents of 88S 54^ 88®, 55', 
S8^. 56^, 88«, 57', 88% 58', 88% 59' ; to find the tan- 
gent oi 88% 58^ 18''. ./fw. 55.711 144. 



PROBLEM VI. 



Anting given a teriea qfegtadUitrnt temuy a, 6, r, c^ e, 
tfc> whose first differences are email $ to.JM ony vUerme" 
-^-'^ term by interfiolathn. 



Fnd the valne of the onlrnown quantity in the equa- 
tion which ftands againft the given number of termst in 
the following table, and it will give the term 

X, a — 3n o 

2. a— 2^-f CSZ O 

3. tf— 5^-f sc — rfs» o 

4. a — 4^+ 6f— . 4^+ «= b 

5. a— -5^+ioc-*io</+ 5^-«/«o 



2 2 ^ . 



• The more termf ^.glff^stlmoocA. accnra^ tha eqyatidn. 
will approiimatc* 
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EXAMPLES. 



I. Given the logarithms of loiy 102, 104, and 105 $ 
to find the logarithm of 103. 

Here the number of terms are 4. 
7berefire Mgamft 4^ in the tMe^ <tttf ba^fe a-*4^;i{.&— 

^^eaaci pres» Z j:— i 



6 



Whence 




4X (b+ii)^i6yio2$^j^o 
a+e = 4,0155107 

^)i2.0770233 

2.oi28372as/9j^. cf 103, 0/ required* 

2, Given the cube roots of 45^ 46, 47, 489 and 49^ 
to find the cube root of 50. j1ns> 3.684033* 

3. Given the logarithm of 50, 5 if 52, 54, §^9 ^^ 
S6i to find the logarithm of 53. jtns* 1.7242758695. 



PROMISCUOUS EXAMPLES RBLATINO TO 8£B.I£Sw 

I* To find the fom (S) of n terms of the feries i, 29 
3» 4> 5» 6» ^c. 

/iV>?, 1+2+34-4+5, &c n^$. 

And^ n+(« — l)+(ii — 2)+U — j) 4'»— 4)^'* • - • • 
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There/ore (n+i)+(m+j)+(n+i)+(m+ 1), tifc. 
• • • • (fl4>l)s2^. 

jtnJ fon4egMenfIy (•+i)X»=«5; ^r 5=: ^sum 

required. 

2. To find the fum (S) of « term of tbe feries xi 

-^»/?» I + 3+5+7 +9^ ^c (3»— 1)=^. 

^«<A (211— 1)+(2»— 3)+(««— 5)+(«»-^7)+ 

(a« — 9), &c I5S J. 

Therefore 2»-f-2»+2n4-2»+2n+, Cfff 2n=2^. 

2^ ^^ 

^ndi consequently 9 znXnzziS ; cr 5Sr ^=««= i«m 

z 

3. Required tbe fum (^ of n terms of the feries 

^n^ a+(«tf— cO-|-fl+(»fl?— 2/)-Ha+(«tf— 3/)4.if + 
(nrf — 4<!/), ^c a =5. 

Therefore 2a+('*rf — d)+2a+(nd — J) + 2a^(nJ'^ci) 
are. 2a+(nd^d)-2S. 

And ronsequent/y, (2a+nJ — i)x«=2^; or 5=(2a+«^ 

f>*^X-<^= ^''w required' 



OR THUS : 



i^/'c/?, ^+(^+^)+(tf+2c^)+(«+3^)+(«+4^> ^^• 
_ J(+i+l + i + ^ + i>^^- X'^l-^c 
"" l(+o+ 1+2+^+4. ^'' XdS'' 
But n terms 0/ I + 1 + 1 + i + if ^c.=in. 

jind n terms ^0+1+2 + 3+4, istc, = % — ■ "^ * 



/ 

i 
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2 

4. To find the fum (5) of « terms of the feries i> Xp 

«*> ^^4 X*, &c. 

- Therefore — i +«« ass^x— 5 j 
Or fc '" = /«« required, 

'/indj when x is a firofier fraction^ the sum of the eeriee^ 
continued ad infinitum^ may be found in the same manner^ 
Thus, l+J^+x2+jr3+A?SeJV. a=-S. 
. jf.ld X^K^+X^+X^+X^, ^c. ^Sx. 

Therefore — i=5x— 5; or S — 5xs=i. 
Whence ^a = turn of an Infinite numher of terms 

I— X 

«/ required, 

S' Required the fum {S) of the circalating decimal 
*999999> &c* continued ad infinitum. 

^irj, .999999 effc.=:^+— +— 2-^+— 2-^, «S^f. 

r:9 X ! A, 4.-L +.. I-4. .J , IsTc.^S. 

10^ 100 1000 10000 

Oo — — -A ^t^-f» «=-. 

10 100 1000 loooo 9 

•^ 10 ' 100 1000' ^ 
^ J loS S gS 

9 9 9 
Whence S suit sum required. 

N a 
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6. Required tbe fum (S) of tbe fcrics a*+{a+dy+ 
(fl+2if)*+(fl+3i/)«+(fl+4i/)*, &c. continued to « 
terms* 

Sumo/ nierm of (i + l + i + lf t^V.) 

Xa» . . * 

^L r c 1 + • • • diiio eT (0+1+2 + 3, e^V.) 
There/ore, ^«< ^^^^ y v n^ t -rot / 

+ . • . iSito ^(o+i+4+9t 53V.) 
X^ 
Sui u terms of i + i + i + iflsTc. =sn. 

nxC^Zli) 



Z)i//« o/" 0+ 1+2+3, ^^' =" 

nx(«+l)x(2w — 1) 
And ditto e^ 0+1+4+9, ^^- = I 2X 

Itrhence S^nXa^+nxlf^i)Xad+ nX(n--i)X(2^i) 

^ ^'^ T 1x2x3 
. y N nd*X(^ — l')X(2n— 1^ 
Xtf>«na»+n^rfX(^— 0+ 1x2x3 ' 

sum required* 

7. Required the fam (^) of the feriei a^+{^+dy 
*+(tf+2rf)^+(tf+3rf)*+(tf+4^)% (tftf. continued to n 
terms. 

Firft, tfS—^a 

^a+ d)^=a3+3Xifl2rf+3X Itfcf2+ idi 
\a+2dyssa^+^X2a^d+sX 40^^+ 8rf». 
^fl+3cQ3ssBtf3^jX3tf2rf+3X gad2^ 27^^ 
(a+4cO^=sa3-j-2X4tf2flf^jXi6/jrf2+ 64<** 
(«+5'')^'*«^+3 X5«^^+3X^5«^+i25^'^ 
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'Sum of n terms of (i + 1 + 1+ If £sfc.) 
+ . . . ditto £/* (0+1 + 2 + 3, ^^* 
Therefore, J>=:^ ^ ^.^^^ c/ (0+1+4+9, ^sf^ 

+ . . . ditto of (p+i+S+ZTyisfc.) 
Xd^ 

But n terms of 1 + 1+1+1 9 ^c.^n^ 

nxln — i) 
^ Ditto . . • of 0+1+2+S, ISfc. ^—f——^ 

Ditto. . . e/^o+i+4+9> &^^. = ^ ^ j^;^^^ -' 

X>///a of o+i+8+27+64+i25» ^^- ==— ^^7 

Consequently the sum ^ssdnX^^'t" — -^ \ "'^ 

nx (n— I) X (2^^0X3^^ (n^— 2n3+7i«)xcg^ _ 

1X2X3 ^X2 

/iiiff required.^ 

8. Required the futn (5) of n terms of the fcries 
I+3+7+I5+3I* ^c. 

Ti^i? /i?ri«/ of this series are evidently equal to I, (1+2), 
(1+2+4), (1+2+4+8), Ctfc. (>r tie successive sums of 
the geometrical progression I, 2, 4, 8, 16, £fftf. 

Xff/, therefore f fl=i, and r^l^ and we fhail bavea+ar 
+ar^+ar^+ar^i ^c. =1+2+4+8+16, tfc. 



• For an account of figurative numtcrs, with the methods of 
finding their fums, &c. 1 muft refer the learner to Simpfon's Air 
gebni, • p. 2X5, where he wiU find this fubjcfft fully eiplamed. 
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Butthisum of If s« 3» 4» lie. firm* ^ Am mrm mre 
\. =s (r— X 7 

,.----=(.'-.) X — 
ar* — a - > ^ * 
««•*/««, 5=p--^ X |_^ /^,„, ,/- i+i+i+i, esf*. 

But I+I+t+l+l+l+>. Wtf. a«n. 
if.*/ t-\-r*-\-tH-r*-¥y fife. sr(r»— 1) X 



9. * Required the fum of (») terms of the feriei 

7>ff ff nnt of the atrien are ihe 9ueee$ave wnu of the ge* 
ometiical firogretsUm ++i + i t t+ tV» ^^' 

Let therefore aasi andr:=tj thenttnll ii-| — .j. — -l— - 
£«f c. continued at pleasure. 



Many qneftions of this kind, as weli at federal other things 
lating.to feties in general, ^lay be found in Dodfon*s Mathcttuikal 
RepoHcory, which it an czccUeut aaaljtical periormancc* 
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1^9 



Suttbe sums of if 2, 39 4> &r. terms of this series are 



2. 

4- 



r — i) X/» / 

( = (r— l)X 

r — I ) X I ^ ' 



) X 

tfr — i)Xr r r — i 



)X 
r^— i)xa _ 






)X 

3 ^ V 



I . fl^ 

r)x 



r — I 



Therefore S 



— i)Xr' 

III I r***— ■! 

l^r ' r* ^r^ (r — l)X^" 

»^i^W<f ^"^^ZIT X ^^'*~ /^,liw'r»-» *=) ^*'** required. 



10. To fiod the fum (5) of the infinite feries of the 

I I I I 
4- 

3 



reciprocals of the triangular numbers, T+T+g+TT"' 
&c. 



I I.I 



Let -+— 4"::r-4-— » &c. ad infinitum =^=5. 
I ^ I 6 '10 



Or, — -4. 4. + — , &c. 

i.l~ i.^^ " "^ ' 



=5. 



3 23 ' 2.5 



7i&^ 



I I 1 I ^ o 

+ -—.+ - h — , &C. 



1.2 • 2.3 3.4 4-5 

3/ xs 



2 



''*--(HH(H)+(i-J)+(H)*'4 
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S 

2 



1-13 4 5 -' 

S I 
^IVbence, -«- ; or S^twam sum repared. 



II. * To find xht fam of n tenni of the feriei 
I 3~6~io~i5 

wr. X 1 I I I I 

y&jia.— -.-,-4.-4.-1-^ t5»tf. /«-• 



i^m/ 



i^«+i 2^3^4^5* «+i 



• The figurative numbers, of which the temu of this andferenl 
other feries are the reciprocals, may be exhibited thus : 

ift. orderl CU !• X> l> !« &c. 



FieuratiYc num- 1 *r ^^^^ 

hers of the \ ^t ^'i"'' 

order 




}rx, I, I, I, i,«c. I 
I I, »i 3f 4» 5, &«• 
are ^ i, 3, 6, 10, 15, &c. 
1 1, 4, 10, 2CS 35i &C. 
Ci, 5> X5f 35> 70. Re- 



order, 

It may alfo be remarked, that different feries are diilingiiiihed by 
particular names, according to the nature of their terms. 

Thus, a feries, whofe terms continually decreafe, is called a di- 
verging feries. 

And a feries. whofe terms neither increafe nor diminxfli, it called 
a neutral feries. 

Thus: I — J ' ;«-j4 ;, &c. converging; I— a+3-^4+5i &« 
dWerging : and i— X-f-x— 'X-j-, Ac. neutral. 



r 
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^^ I »+i 2 6' 12 '20 n w+'. 

'«+i 2 6^12 ' 20 «(«+0 



' 914.1 x^3 6 10 «.(«+!) 

iiiii 2 

Off — i 1-2-H f- — ^9 ^<P. to {or n terms) 

I $ 6 10 15 nji-ti ' 

a-. . .as. «um q/'Mff eeriesj or answer required, 
n-fi 

12. Required the fum of ^e infiaite feries f- 

1.2.3 

«-3-4 3-4 5 4-5-6 

I I III ..... 

i«r «a» —4.^4. — — f—, yr. admfimtum* 

I Tit^ s>-«i-ass — I — H — h— ^if. hy iraruposhlon. 

J ^r ^ 

^ J.2 2.3^3.4 4.5 . -^ 

: Or, I— --3S — 4 1 — -4.— ^» Wf, by tramposUtorii 

2 2-3 34 4-5^5 <5 / ^ 

And^^ss. — i — h 4-— T— > ^<P» byt subtra3ion. 

2 1,4.3 29.4 3.16.5 

2 1.2.3^2.3.4^ 3-4-5 45-6 
I I III* 

! Whence ^^2 ^si + — — 4 r, adinfinUum. 

2 '^•2x3 3-4*J 4'5'" 

jBtf/ — 5-2=-; therefore — — H + -^ emttimh 

24 -^ » 2.3 ' 3^.5^4.^ 6' 

cd to mfimtUt is egval $0^ which ii the eum required* 
I "^ *' * 4 



> ' 
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I 



13. To find the fina of m tenns of die feries 



i.»-5 

i.*^2-3^3-4 ••(•+0 

2 2.3^3^T^4.5 ».(•+!) 

^■^(•+0(«H-2)-a.3^34^4-5 5-6 6.7 
+ «Q» ^^' cmatuued to 7 — ; — r-^ — -— \ terms, 

-^ 2 (n+i).{)»+2) 1.2.3^2.34^34.5 

(continued to n temu) by tubtraction. 

Whence — • — -^ — r-\= 1 1 • 

4 a(«-f I )•(•+*) 12.3^2.34 3.4.5*. 

istc. (continued to n temu) by diuidon. 

And amse^ntntly^ 7TT+rr:+ eontkmed to n 

1.2.3 ^"34 3-4-5 

temu is «i ,— ^- ^^re^ed. 

14. Required the fom (^) of the feries •L.-iu--^ — 

2 4^ 8 

-79 &c. continued W/n/fni/vM. 

1 ft 
Z,f/ jraca . and Ssm . 

2 i+ar 

And z=( I +.t) X ( J:--^»+a;^— jp*, Sfc.) 
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mmUiPhctaum. 1 i+x 



tbipHcfUkn. I.1 + 






■Mn^Mrt 



Therefore % ^x • 
15. Required the fum of the fertca -4. — (-i + -^ 



+1., &c. 
3^ 



Ltt JC8 -, ^nu/ ^ss 



2 (1— x)* 

(l .xf 

And «==:(i— »>x(sf+2»2+3x3+4x*+5*S £sf(r.) 

multiflkaH9nll—2x+ x» 

I ■ ■ . - 

X+ZX^+^JC^ + ^X*^ &c. 



X 



Whose sum « =»x+o +0 +00, tfc. 

There/ore xsssk. 

And ar+2x*+3«^+4^*+S*^ ^^* ■= > ^ 

2^4 8^16 32 (i— 4>» 
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i6. Required the ' fum {S) of the iofiBite feries 

2 % 



ax4^% M wi// he found hy aSual muIt^Mtion. 

Tierefon x+js9>9:t%» ". 

3^9^i7^8i' (1-4)^ 2""» **• 



17. Reqnired the fam (S) of the mfimte foics 

a a+d a+id a+^d 






4 «.(l-^-^)» 

Then -^r^, «f +f±£ . ^+2^+f±3f, e,,. 



Or -^ «a+f±l|.2±*^-j.f±3^ ^^ 

' ^^^ ^^^(^—^yyc(a+(a+d)x+(a+2d)a;^(a+sJ)x9, 
£fr<r,) «:(i— x)Xfl4^x, ae will appear by eOmal rndtiftea- 
tion. 



I 



There/ere ««:(l~x)xa+J^- 
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And cms9quentty- J^-^ •\ — -^, tsV. » 



.' >"« /tfm ^ /4/ mfiniU serin nqmrtd. 

SXAMPLtS FOR PRACTICI. 

I. To find the fum of n terms of the feries a4-(aW) 

n 



Ans. -X(2«— <»— iXrf.) 
2 ' 

%.. Required the fam of the infinite ieriet a+da+ 

^a'\'^a^d^ai &c. where ^ is a proper fradion. 

An9. 



3. Required the fom of the .infinite feries i+3*^+ 
6x»+icxr*+i5x*, &€• ^ I 

4* Required the fum of the infinite feries 14.4^4. 

ioj:«+2ar3+35»*,' &c. i 

c. Required the fum of the infinite feries — j L^^. 

— 4. — ) &c. Ans*"* 

5.7^7-9 * 

6. Required the fum of 40 terms of the feries (i X 2) 

+(3X4)+(5X6)+(6X7)+{7X8), &c. 

Ans. 22960. 

7. To find the fum of the infinite feries i4-2^x+ 

3*J73+4*X3+5«XS &C. . l-fllX+II«3+ilx» 

Ana. 7 r= • 

S. Required the fum of the iafinite feries 



1*2.3.4 
a-3-4*5 3-4-5<5 »8* 
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9. Required the fam of » tcrmi of the ftries 

i+1 4. ±4.1+1.4. A, bfc. 

f>— 1 r^r — i) 

10. Required the Aim of n Urmt of the feriei 

■ + + ^> *€• 

^„ » » 

18 3-C«+O.C«+a).(«+3)' 

III 

II* Required the fum of the feriei — 4. — 4. —-4. 

— » «c. —7 — : — r • 
4*7 »X(3+») 

*8' 3+3« "+6« i7+9» 

I a. Required the fum of the feriei JL4.-2 4. JL 

2.6^4.8^6.1 

2»(44-2iij 16 32+48«+i6»* 

15; Required the f^m of the feries -r:— rr^ — -l. 



8.12 *(^+2»)«(6+2/j)' 



4.8 6.10 



n n 



Ana. 2t=x-5, ^^' ^^ ^ — ? 

45 i6+io« 364-241} 

14. Required the fum of the feries — s4--5 — 4- — % 

3.8^6.12^9.16 



' 12.20 3«*(4+4^) 






12^ J2-f I2X 
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15. * Required the fum of the iofiotte fertes i— »i 

. ^ ^ ' ^ • 

3 4^5 6 

Ant. •693147181 ^c. or hyp. log* of z^ 

16. Required the fam of the infinite feries i — 1^. 

I I I I . 
5 7^9 II 

jino. -785399 &c. or j^ dr. of the circle whose diam* is i. 

' I % 

17. Required the fum of the diverging feries «— >» 

3 4 5 * ^ 

+T— -+g» &C. -//«/. .193147, tffc. or :^+ hyp. log. of 

* — h 
i8. Required the. fum of> the diverging fertes 

2' 3* 4* ?* 
i 2^3 4 

Ant. 1.943147, bfc. or 1+ hyp. log. of 2. 

19, f Required the fum of the hyper-geometrical feries 

I 1+2 — ;j54.24*-I20, &C. or 1— IA+2B— 3C+4D— 

5 B » &c. jint . nrar approx. value ^.298174. 

* A great variety of feries, of different forms, may be found in 
other authors ; but thofe which are here given will be fufficient for 
the learner's pradice. 

The names of the principal authors, who have written upon this 
fnbje^, are as follows r 

Archimedes; Arabes; D'Alembert; Harrow; Briggs; Nicholas, 
Daniel, John and James Bernoulli; Fermat; Defcartes, Clalrant; 
Condor^iet ; Cotes ; Dodfon ; Euler ; Emerfon ; Fagnanus ; Le 
Grange ; Goldbach ; Gregory ; Halley ; Harriot; Huddens ; Huy- 
gens; Hutton; Kepler; Keil; Landen; Maclaurin; De. Lagney; 
L.eibnitz; Lorgna; Lucas de Burgo ; Manfredi; Monmort; Ue 
Moivre ; Montano ; Nichole ; Newton ; Oughtred ; Riccatl ; Reg- 
nald; Saundecfon; sterling; Sluiius; Simpfon; Brook Taylor; 
Varignon ; Vieta ; Wallis; Waring; &c. 

t For an account of thefe feries, with a new method of fiadii^ 
their approximate values, fee Hutton's Msthcmatioil Tradi, latc^f 
pttbUihcd*. 
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OF LOGARITHMS.* 

Logarithms^ are numbers {b contrived and adapted to 
other numbers, that the fams and diffcrlnces of the 
former (hall correfpond to, and (hew, the products and 
quotients of the latter. 

Or, more generally, logarithms are the numerical 
exponents of ratios ; or a feries of numbers in arithmet- 
ical progreflion, anfwering to another feries of numbers 
in geometrical progreiSon. 

Th y^ '» ^» 3» 4» 5» Indices t or logarithms, 
*' 1^1, 2, 4, 8, 16, 32, Geometric progression* 

^ Jo, I, 2, 3, 4, 5, Indices^ or logarithms* 
* (I, 3, 9, 27, 81, 243, Geometric progreffion. 

Q^ Co, I, 2, 3, 4, 5, Ind. or log. 

• ^i, 10, 100, 1000, 1 0000, 1 00000, Geog, prog* 

Where it is evident that the fame indices ferve equally 
for any geometric feries ; and confequently there may 
be^ an endlefs variety of fyllems of logarithms to the 
ikme common numbers, by oiily changing the fecond 
^rm, 2t 3« or 10, &c. of the geometrical feries. 



* The invention of logarithms is the undoubted right of Lord 
Ntpevy Baron of Mercbiston in Scotland^ and is properly confidered as 
OBe olP the moft ufeful and excellent difcoveries of modern times* 
A table of thefe numbers was firft publifhed by him at Edinburgh, 
aimo 1 6X4} in a treatife entitled Canon Alirtficum Logarit'bmorum i and^. 
as their great utility and extenfive application were fufficiently appa- 
rent, they were immediately received by all the learned throughout 
£vope. Mr. Henry Jiri^s, SaaHiati ProfeiTor of Geometry at Oxford, 
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It is alio apparent, from the nature of tbefe ferles, 

that if any two indices be added together, their fum 

will be the index of that number which is equal to the 

* produi^ of the two terms, in the geometric progreOjon, 

to which thofe indices belong. 

7%us the indieea 2 (md 3, being added together^ are 
=5 ; and the nutnbers 4 and 8, or the terms corresfionding 
with tho^e indices^ being multiplied together^ are 5=32, 
w/iich is the number ansnvering to the index 5. 

And, in like manner, if any one index be fubtradled 
from another, the difference will be the index of that 
number, which is equal to the quotient of the two terms 

I to which thofe indices belong* 

I 

i. Thus the index 6^ minus the index /^^ is =2y and the 

terms corresfionding to those indices are 6^ and i6> whose 
quotient is =4 ; which is the number ans^vering to the in- 
dex 2. 



upon hearing of the difcovery, fat out upon a vilit to the noble in- 
ventor, and foon afterwards they jointly undertook the arduous taik 
of computing new tables upon this fubje<%, and reducing them to a 
mor^ convenient form than that which was at firft thought of. But 
Lord Neper dying before they were finiihed, the whole burden fell 
upon Mr. Briggsy who with prodigious labour, and great (kill, made 
an entire Caiton^ according to the new form, for all numbers from x 
to aoooo, and from 9000, to loiooo, to 14 places of figiu-es, and 
' publiihed it at London in the year 1624 ; in a treatife entitled Aritbme- 
tica Legaritbmuaj with diredions for fupplying the intermediate dtiH' 
ads. 

This Canon was again publiihed in Holland by Adrian fHacq^ anno 
1628, together with the logarithms of all the numbers which Mr. 
Briggs has omitted ; but he continued them only to 10 places of 
decimals. Mr. Br^s alfo computed the logarithms of the iines» 
tangents and fecants, to every degree, and '. . part of a degree of the 
whole quadrant ; and fubjoined them .to the natural- fines, tangents 
and fecants, wliich he had before computed to 15 places of figures. 
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For the fame reafon, if the logarithm of any nnmbef 
be mahiplied by the indes of its power, the prodoS will 
be equal to the logarithm of that power. 

Thus tiff mJex or logarUhm of ^ in the above series^ h 
t ; and if this number be muliipUed by $9 the froduB mU be 
b6 ; which ir the logarithm of 64, or the third ponuer of 4. 

And, if the logarithm of any number be divided by 
Ike index of its root, the quotient will be equal to die 
logarithm of that root. 

Thut the index or logarithm of 64 // 6 ; and ^ thig num» 
her be divided by 2^ the quotient iviil be ^a^ i which it the 
logarithm of 8» or the square root of 64. 

The logarithms mod convenient for pradlice are 
foch as are adapted to a geometric feries increafing 



And thefe tables together with their conftradion and ufe, were firft 
pilbliihed in the year 1633, after Mr. Bngg/4 death, jjy Mr. Henry 
CeUibrand^ under the title of Trigonemetria Britannua. 

Benjamin Urftnut has alfo given us a table of logarithms to every 
XO feconds. And Mr. Wolf^ in his Mathematical Lexicon^ fays that 
one Van Lofer^ had computed them to every fingle iecond, but his 
untimely death prevented their publication. 

A great number of other authors have treated on this fubjeA, but 
as their numbers are frequently inaccurate and incommodioufly dif- 
pofed, they are now generally negleded. The tables in moft repute 
at prefcnt, are thofe of Gardiner in 4to, firft publifhed ip the year 
1742, and Sberwint tables in 8vo, firft printed in the year 1705, 
where the logarithms of all numbers may be eafily found from i to 
xoooooo ; and thofe of the fines, tangents, and fecants, to any de« 
gree of accuracy required. 

JOodfons Artilogaritbmic Canon is likewife a very ingenious work, 
being of great ufe for finding the numbers anfwcring to any given 
logarithms. 

Since the firft publication of this work Mr. Mkbael TWilprV tables 
have appeared, containing the common logarithms, and toe logarith* 
mif fines and tangents to every fecond of Uie quadrant. 
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in SI tenfold proportion, as in the laft of the above 
forms ; and are Uiofe which are to be found, at prefent/ 
in moft of the common tables upon this fubje^. 

The diftmguilking mark of this fyftem of logarithms, 
is, that the index, or logarithm, of i is p; that of lo, 
I ; that of loo, a ; that of looo, 3, &c. And in deci- 
mals the logarithm of .1 is — i ; that of .01, — a ; that 
.of .001, — 3, 5cc. 

From whence it follows that the logarithm of any 
number between i and 10 muft be o and fome fractional 
parts, and that of a number between 10 and 100 will 
be X and fome fradional parts ; and fo on for any other 
number whatever. 

And fince the integral part of a logarithm is always 
thus readily found, it is ufually called the inckx, or 
thatuiSeriJiici and is commonly omitted in the tables; 
being len to be fupplied by the operator himfelfi as oc« 
cafion requires. 



OF THE MAKING 

OF LOGARITHMS. 

Whatever arithmetical progreflion we apply to a 
geometrical one, the terms of it are logarithms only 
to that ieries to which we apply them, and anfwer the 
end propofed only for thoie particular numbers ; fo 
that if we had logarithms adapted only, to particular 
geometrical feries, they would be but of little ufe. 
The great end and defign of thefe numbers is the eafe 
and expedition which they aflPord in long calculations, 
by faving the laborious work of multipikathn, dtvhion # 
and the extra&ion of roots ; but this end would nevet 



xSi OF LOGARITHMS. 

be-complctiftlj anfWared, rnilefs logarithms coold be ada|«* 
ed to the whole fyftem of numbers^ i » 2» $, 4, See. And 
as here l|es the chief excellence and merit of the contrU 
vance» Co alfo the difl^colty. For the natural fyftem 
of numbers, i) 2» 3* 4, £cc. being an arithmetical, 
and not a geometrical feries, feems rather fit to be 
made logariums of, than to have logarithms applied to 
it. But this difficulty may be ealily removed, bj confi» 
dcring, 

That though the whole fyftem of natural numbers, 
I, 1, 3, 4, &c. is not in geometrical progreffiouy and 
cannot, bj any means, be made to agree with fnch a 
feries, yet they may be broueht fo near it, as to be 
within any affignable degree of approximation ; which 
may be conceived, in general, thus : fuppofe a fradion 
indefinitely fmall to be reprefented by x, and a geome* 
trical feries arifmg from i, in the ratio of i to i-t*j7, to 
be I, (i+x)*, (i+x)*, (1+^)3, (i+:c)*, &c. Then 
m'uft fome of thefe terms come indefinitely near to all 
the natural numbers 1, 2, 39 4, &c. ; becaufe, amongft 
numbers which arife by extremely fmall increments, feme 
of them mufl exceed, or fall fhort, of any determinate 
number, by an indefinitely little excefs or defedt. 

If, tlierefore, in the places of the terms of this feriesf 
which approach indefinitely near to any of the natural 
numbers, we fuppofe thefe natural numbers themfelves 
to be fubftituted, then will this feries be in geometrical 
progreffion, to an exadVnefs which may be called indefinite^ 
becaufe the approximation of its terms to the natural 
numbers can never end, but goes on in infinitum. 

And fince this imagined geometric feries compre- 
hends, indefinitely near* the whole fyfiem of natural 
ftumbers, i^ 2> 3, 4,' &c. fo the indices of its terms 
f omprebend a whole fyftem of logarithms, which are 
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ui^Bpud to this fyftem of nambers, and may be extended 
to any length we pleafe. For though the natural fyftem 
of numbers make not^ by themfeWes a complete geo« 
metrical feries, yet they are conceived as a part of Aich 
a feriesy and their logarithms are the indices of their 
diftances from unity in that feries ; or, more generally, 
they are the correfponding terms of an arithmetical feries 
applied to that geometrical one. 

But, again, it muft be obferved, that an indefinitely 
finall fradion cannot be affigned ; and, therefore, in 
the adual conftru^on of logarithms, we muft be con« 
tented with a determinate degree of approximation. 
Whence, according as we take ^', in the feries i, (i+jcy^ 
(i+a?)*, {i+^y, (i+J?)*» &c. the approximation of 
its terms to the natursd numbers will be in different de- 
grees of exa^nefs : for the lefs a: is, the nearer will be 
ifae approximation ; but then the more are the number 
of involutions of i+^» neceifary to come within any 
determinate degree of nearnefs to the natural number 
affigned. 

Thus dien we may conceive the poflibility of 
making logarithms to all the natural numbers, i, 2, 
3, 4, 8cc. to any determinate degree of exadnefs ; 
▼is. by afligning a very fmall fraAion for x^ and 
adually raifmg a feries, in the ratio of i to i+x^ 
and taking for the natural numbers fuch terms of 
that feries as are neareft to them, and their indices 
for the logarithms. But then, to conftru^t logarithms 
in this manner, to fuch an extent of numbers, and 
degree of exadnefs, as would be necefiary to make 
them of any confiderable ufe, is next to impoflible, be- 
caufe of the almoft infinite labour and time it would 
require. This, however, is an introdu^ion for under- 
ftandmg the method of the mbk iftventott who undoubt* 
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edly firft took the hint of making logarithmt from the 
confideration of the indices of a geometrical feries ; and 
by means of the principles and known properties of thefe 
progreffions he fiHl formed his tables, and adapted them 
to the pradlical purpofes intended. 



PROBLEM !• 

To find the logarithm of any of the nattiral numbers y i, i, 
3, 4^ Is^c. according to the method of "S^PKR. 



RULE.* 

1. Take the geometrical feries, i, lOy loOt 1000, 
1 0000, &c. and apply to it the arithmetical feries i» a, 
3, 4, 8cc» as logarithms. 

2. Find a geometric mean between i and 10, 10 and 
loOf or any other two adjacent terms of the feries be- 
twixt which the number proposed lies. 

3. Between the mean» thus found, and the neareft ex- 
treme, find another geometrical mean^ in the fiune maa. 
ner ; and fo on, till you are arrived within the proposed 
limit of the number whofe logarithm is fought. 

4. Find as many arithmetical means^ in the fame 
order as you found the geometrical ones, and the laft of 
thefe will be the logarithm anfwering to the number 
required* 



r - 



• The reader who wifhes to inform himfelf more particulafly cob* 
ceming the hiftory, nature, and conftrudion of logaritkmi, may 
confult Mutton's Mathematical Tablet, lately publi&d, where i» 
will find his cvriofity amply gratified. 



OF LOGARITHMS. 185 

EXAMPLB8* 

Let it be requited to find the logarithm of 9. 

Hert the rtumBers hiiween wbicB 9 lie* are i and 10. 
Fiifit tbeny the bg. of 10 #« i, and the leg* of 1 is O ; 

therefore — ss 5 ia tho arithmetkai meaup and 

y^(iXio)B'v/i03s3,i622777 ^ geometric mean: whence 
ttfe logarithm 6/* 39x622777 h .5. 

SecowUji the log. of 10 U if and the bg. of 

3.1622777 is •$; therefore um.'j^ sm arithmeticai 

meanf and ^(ioX3-x622777)«»5.6234i3s tm geometric 
mean : whence the log, of 5.6234132 is •75* 

Thirdly f the l^. of 10 is i» and the kg. of 

i"4"'7? 
5.6234133^ .75; therefore '^aa.S'jg^ arithmetim 

cal mean, and v^( lO.X 5*62341 3 2) 07 .4989421 as ^«M 
metric mean .• whence the leg. rf 7.4989421 «r .875. 

Fonrthly, the leg. ef 10 io i, and the leg. ef 

7.4989421 tf .875; therefore — 1— =-.9375' » arhh- 

meticiJ meant and ^{10x7. 49^94^0—8.6596431 = 
geometric mean : whence the kg, of 8.6596431 is .9375. 

Ft/ihiyt the bg. of 10 «. i, and the log. of 
8.659^431 it -9375 > therrfore — ' »i.96875 « 

arithmetical mean, and v^C^oX 8.6596431) «9.3057204 
s gfometric mean s whence the leg. of 9*3057204 le 

.96875- 
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Sixthly, the kg. tf 8,6596431 u .9375* ««<^ *he log. 

rf 9.3057104 h .96875 ; therefore — — — » 

.953125s afith. mean^ and v/(8.659643 1X93057204) 
888.97687 1 3 «s geometric mean : whsnce the log* rf 

8.9768713 is .953»*5- 

Jtndy proceediig in thitt manner^ after 25 extractionsy the 
hgaritf^ q/" 8.9999998 vnUbeJbun4 to be .^S4^j^s » ^Bfhich 
way be taken for the logarithm ofg^ because it d^ersfrom it 
0^ hy foaogflo , and in thertfire 9i^pcienthf eteactjar ail 
practical purpoeee. 

And in the tame wanner the logarithms ofabnost all the 
prime numbers were/bund ; a vfork so incredibly laborious^ 
that the unremitted industry of severed years tvas scarcely suf- 
fidentfir its accwn/iUshment, 



PROBLEM U. 

To determine the hyfierboMe logarithm (l) of any given, num^ 

ber (h). 

, The hyperbolic logarithm of any number is the indei; 
of that term nf the logarithmic progreOlion^ which agrees 
with the propofed nomber multiplied by the excefs of the 
common ratio above oairy. 

Let, therefore, (i+jr)" be that term of the fogaitth- 
mical pr)greflion, 1, i+x)\ {i+xy,(i+x)\ (i+«)% 
ftc. which is equal to the required number (n). 

Then will (i+x}«ssNy and i+jtssn": and if 

x-fff be put esN, and maas-^ we ihall have i+x 

n 

2 
•*-* t «^ 
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And, confequentl7,ar=injr>f-«rx — — j** + «X 



X ■ ' y ^t &c. where m being rejeded in the fadlors 

m— I, m-— 29 f»— 3» &c. being indefinitely fmall in com- 
partfon of z, a» 39 &c. the equation will become a^^simy 

2^3 4 

Hence— (nx«L)«f—"'^+"^^—+'^ &c. = hyper- 
bolic logarithm of n, as was required. 



PROBLEM III. 

The hyfierboiic logarithm (l) of a number being given, (0 
find the number (n) itself, which answers to it, 

Ijet(i+ar)" be that term of the logarithmic progrcf- 

fion, I, (i+^)% (1+^?, (1+^)^ (i+^)S &c.wbich 
is equal to the required number n. 

Then, becaufe (i+j?)" is univerfally ==i+7w;+»x 

VmiL x'^+ny^JIIL.X ^0:3, &c. we (hall have lA-nx 

2 2 3 

+nX x2H-/fX--— X— -J^f&c. = H. 

2 • 3 

But fmce n^ from the nature of the logarithms, is here 
fuppofed indefinitely great, it is evident that the num- 
bers connedted to it by the fign — may all be rcjeaed, 
as far as any affigned number of terms. 

For as i, 2, 3, &c. are indefinitely fmall in compari- 
fon to n, the rejeding of thofe numbers can very little 
affedt the values to which they belong. 
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If, therefore, i, 2, 3, kc. be thrown out of the 
fadort ^^^^t '^^^t ^^^9 &c. we (hall have i^nx+ 

j^j:* *3x3 ^*j.4 

a ^ 2$ ^z sV 
But «T (bbl j is the hyj^erbolic logarithm of ( i +x)*, 
•r Ml by what has been before fpectfied ) and therefore 

I+L+— -f — — 4.— , Ice. MiMaai number required* 



PROBLEM IV. 

7h def ermine the hyperMic logarithm (l) of any given num* 
ber (n,) by an univeraally converging 9erie9. 

The fcries jp— /-_|.<-,«:^, &c. is the moft cafy and 

2 3-4 
sataral that can be obtained ; but, in determining the 
logarithms of large numbers, it is but of little foSt^ itnce, 
in fuch ca&s, it diverges inftead of converging. 

Lets therefore, the number whofe logarithm you would 

find be denoted by-—-, and alfo let (i+jc)* be tho 

term of the logarithmic progreflion agreeing with the 
propofed ntimber. 

Then (i+^y « -; or i+j?«~i-x » 

1—^ (I— ^)» 

(I— jr)— *«(i— J')" (by putting m«— ;i)«i _»i;^ + 



a a 3 
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Whence J'+r+'^-f'^ &c. » — - ^nx «» hyperbol- 
^ % ^ m "^ 

ic logarithm of ^ v^ich feries, it is manifeft, will 

conftantly converge, let the value of be ever fo 

great ; becaofe jr will always be lefs than unity. 

But it is to be obferved that this feries, except 
in its iigns, has exactly the fame form with that 
above found for the logarithm of i-f^, and that, 
if both of them be added together, the feries 2y-|- 

2y3 ^m5 2y7 

— +-^+ — , &c. thence arifing, will be more fimjde 

than either of them, as one half of the terms wiU, in that 
cafe, be entirely deftroyed. 

Since, therefore, the fom of 'the logarithms of any 
two numbers is equal to the logarithm of the pro* 
du^ of thofe numbers, it is manifeft that 2x4- 

— 4- -— &c. will truly exprefs the logarithm of 
; which feries converges ftill fader than x-f- 

— I — , &c. not only becaufe tlie even powers are here 
^ 3 
deftroyed, but becaufe x, in finding the logarithm of 

any given number (n) will have a lefs value. 
And, in order to determine what this value of x 

mull be, piake 2lt?=N, and then x will be found 

I X 

*""^ . but if the quantity propofed ' be a frac- 
N4.1 <L 

tion, inft^d of a whole numbitr, make —^^^ 

R a 
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•nd we (hall* have »ib-^^^;' and either oF thefi: 

▼aloes being fobftitoted in the foregoing (eries 2jc+ 

— + — • Ac, will give the hyperbolic logarithm of 

the Dumber required. 

Now, by finding Ntper^t logarithm of any number, 
according to the foregoing method, Bijggt**, or the 
common logarithm of the fame number, may be found 
as follows : 

^ jBri^9*t logarithm of any number is, to Nfper^i loga^ 
rithm of the iame number, as Briggs^s logarithm of lo 
IS to Nffef^s logarithm of lo. 

^ But Briggs** logarithm of lo is i, and Kefer^s loga^ 
rhhm of ID is 2.302585093, whence if Briggs\ or the 
common logarithm of any number, be denoted by c. l. 
and Ntpeti^i or the hyperbolic logarithm of the fame 
number, by h. i*. we (hall have 2.302585093 : i 

a.302585093 ^ 

.43429448 1 9 m c. t* as was required.'* 






• There arc, belide8thele,iiiaii]i other ingeniont methods, which 
Mr writers hare difcovered, for finding the logarithms of numbers 
in a much cafier way than the original inventor ; but, as they cannot 
be ynderftood without a knowledge of fome of the higher branches 
of ue mathematics, I hare thought proper to omit them, and muft 
heg ieave to refer the reader to thofe works which arc written ez« 
yrefsly upon the fnbjed. 

It Would likewife much exceed the limits of this compendiom; to 

point out all the peculiar artifices that are made ufe of for conftniA- 

log an entire table of thefe numbets; liich as thofe of Gmrdintr 

Shtrwuiy and others, who hare treated on this fubjeift; but any In- 

v;formatio« of this kind, which thd learner may wiih SO obtain, may he 

fowd i^Ktttton's Tables^ before meatieacd. 
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or THS HXTHOD Of USIXO 

A TABLE OF LOGARITHMS. 



Having explained the method of making a table of 
the logarithms of numbers greater than unity, the next 
thing to be done is, to (hew how the logarithms of frac- 
tional quantities may be found. And» in order to this, 
it may be oblerved» that as we have hitherto fuppofed a 
geometric feries ^o increafe from an unit on the right' 
hand, fo we may now fuppofe it to decreafe from an 
unit towards the left ; and the indices, in this cafe, be- 
ing made negative, will ftill exhibit the logarithms of the 
terms to which they belong. 

Tbuf Leg. — 3 —3 — I o +1 +a +3, feftf. 
Num. TWO* rh^ -iV* I 10 JOG looo, ^c, 
Whence +l is the Iqg^rithm of lOf emd — i, the IcgarUhm 
^f -r^i f '12 the logarithm of loo, and — 2 the logarithm 

An4 from hence it appears that all numbers, confiding 
of the fame figures, whether they be integral, fradionat, 
or mixedf will have the decimal parts of their logarithms 
the fame. 



h wiU be foffident to obfervehcre, that the logarithmi of all the 
piime numbers *being had, thofc of the compofite Dumbei^* nay be 
found only by means of addition and fobtradion. Thus, L.4 %l,% ; 
Lio \,,% 1..5; 1..5 .•:^L.io«-L.»; i..6c^]..a , 1.3, and lb on 
for any other of thefie nnmbert. 

In like manner the log. of «X^'si..«4.l.^; the log. ef 
'-r^-^i^a^W} the log. of r''s£ii&.r, and the k|^. of 
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Thus thelegariibm ^5874 being 3*7689339, the hga^ 
rithm of ^ toti iOT3» ^^' f*^ rf ^ ^U be asfoUows. 



Nam. 


Lcgarithms. 


5874 


3-7689339 


587-^ 


27689339 


58.74 


17689339 


5.874 


0.7689339 


•5874 


— 1.7689339 


.05874 


—2.7689339 


005 874 


—3-7689339 

are. ffiaf t\\fk irul^nr. nv /-A/rMV^^ 



terifiiCf of any logarithm, is always one lefs than the 
number of figures which the natural number confifts of: 
and. this index is conftantly to be placed on the left hand 
of the decimal part of tlie logarithm. 

^hen there are integers in the given number, the in- 
dex is always affirmative $ but when there are no inte- 
gers, the index is negative* and is to be marked by a line 
drawn before it, Itlte a negative quantity in algebra. 

Thus a number having i, 2, 3, 4, 5, tstc, integer flace^^ 

The huiex 9f its log, i/o, i, 2, 3, 4» ^c. 

And a fra£iion having a digit in the place of primes^ ee» 
condjf thirds^ fourths f ks^c. 

The index of its logarithm 'mill he —1^ *— 2, —3, 

i:re. 



It may alfo be obferved, that though the indices of 
fractional qnanttties are negative, yet the decimal parts 
of their logarithms are always affirmative ; and all ope^ 
lations are to be performed by them in the fame manner 
as by negative and affirmative quantities in algebra* 
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In taking out of a table the logarithtn of any Aomber, 
ftot exceeding iooooo, we have the decimal part by ia- 
fpe^tion ; and if to this the proper charafleriftic be affix« 
ed> it will give the complete logarithm required* 

Bat if the number, whofe logarithm is required* be 
above looooo, then 6nd the logarithm of the two neareft 
numbers to it that can he found in the tabley and fay, as 
their di£Perence I the difference of their logarithms 1 1 
the difference of the neareft number and ihat whofe 
logarithm is required • the difference of their logarithms, 
nearly ; and this difference being added to, or fubtrafted 
from 9 the neareft logarithm, according as it is greater 
or lefs than the required one^ will ^ive the logarithm 
reqtitred nearly. 

Thus, let it be required to find the ^logaridim of 
367182.* 

Tie tfecimai part of 3671 i«, hy the table 5647844 ; and 
^3672 ia .5649027 : 

.•. The ("367100 is 5.56478447 

%• ofXie'jioo it 5-5649027 3 

^— — ■— ■ II n il I — ^— 

Their diffl 100. .0001183 ^/j^ 
N arefi No f 367200 
Given No (367182 

iSdif 



^p*» 



* This method, being founded on the fuppofitlon that the loga- 
rithms of all numbers between 367100 and 367100, increale or de- 
creale, equally, according to their diftance from 367100 or 367200, 
is not ftridUy true, bat neaily fo; and the greater any number* are, 
with refpeA to their difference, the nearer will thofe differences be 
proportional. And, therefore, though this method will not give the 
exad logarithm, yet it will he a very near appreiimatitn, 9fL4r is 
Efficiently es»^ for moft pra^Ucal purpofei. 



( 



194 OF LOGARITHMS. 

Tb^refin xoo I .0001183 11 x8 : ^looosii. . 
Jni v*5649027— .oooo2i2sB5.56488i5es legofUhm 
^^'367 1 82 nearly. 

If the namber confifts both of integers and fradionSi 
or is entirely fradtona1» find the decimal part of the 
logarithm as if all its figures were integral ; and thisi 
being prefixed to the proper cbaradetiftic, will give the 
logarithm required. 

And if the given namber is a proper fradion, fhbtraft . 
the logarithm of the denominator from the logarithai 
of the numerator^ and the remainder will be^ the lopr 
rilhm fought ; which, being that of a decimal fradioo» 
muft always have a negative index. 

And, if it is a mixed number, reduce it to an impro- 
per firadion, and find the difference of the logarithms 
of the numerator and denominator, in the fame manner 
as before. 

In finding the number anfwering to any given lo- 
garithm, the index, if affirmoHve^ will always fliew bov 
many integral places the required number confifts of; 
and, if negativff in what place of decimals the fir ft, or 
(ignificant figure, (lands $ fo that, if the logarithm can 
be found in the table, the number anfwering to it will 
always be had by inrpedion. ' 

But, if the logarithm cannot be exadly found in tbie 
table, find the next greater, and the next lefs, and then 
fay, As the difference of thefe two logarithms I the 
difference of the numbers anfwering to them I '» the 
difference of the given logarithm and the nearell tabular 
logarithm I a fourth number ; which added to, or fab- 
tradted from, the natural number anfwering to the 
neareft tabular logarithm, according as that logarithm 
is lefs or greater than the given one, will give the nam- 
ber required, iir^a7/|r. 

Thus let it be required to find the natural number 
anfwering to the logarithm 5.5648815. 
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Tbi next lets and greater logaritbrnSi in the tahkf are 
S'S^^l ^44 1 ^^^ numbers f 3 67 1 00 
5.56490273 answering 1 367200 



TbelrJiff. .0001183 100 

And 5.5649027 — 5.5648815^.0000212. 
Tberefore .0001 iS$ I 100 1 1 .0000212 I iS nearly, 
Wbencf 367200 — 18=3771828= number required.* 



MULTIPLICATION by LOGARITHMS. 

RULE. 

Add the logarithms of the fadors together, and their 
fom wtU be the logarithm of the prodad required. 

Obfervtiig to add what is to be carried from the de- 
cimal part of the logarithm to the fam of the affirmative 
indices : 

And that the difference between the affirmative and 
njegative indices is to be taken for the index to the loga- 
rithm of the prodndt. 



* DiredUons at brge, for the ufing of logarithms, may be foimd 
in moft-of the common tables upon this iatiye^^^Shertohit Mathe- 
matical tables, of the Edition 1741 or 1 742, are reckoned tht moft 
correct and conyedlent, for pradical purpofes, of any no^ir extant, 
except thofe of Dr. Hntton, lately publiihed ; which befiHet their 
aQ« uracy, are much better arranged ;■ and, in the two firfi degrees the 
fines, &c. are given to every fecond* He has alfo a ta1>le of hyper- 
b«lxc logarithms, and fevdral others eqfudly ufeful. 
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JBXAXPLBS. 



1. Let the nomber 256 be malti|ded by,4. 

Tte 1^. of 256 » 2.4082400 
Tie log. of 4 » o.6o2o6oa 

Thi prvduQ ■■1024 ..3.0103000 

2. Let tbe nanber t.5 be multiplied by lO* 

Tbe Itg. of 8.5 » 0.9294189 
Tbo log. ^ 10 *■ t.ooooooo 

The frodmB aB85....»»9294i89 

3. I«et the namber 46.75 be moltiplied by •3275. 

7i&#/[^. ^46.75 » 1.6697816 

TiefroduB S815.31. • . . 1.1849925 

4. Multiply 3.7C8, 2.o53» and ^007693 coBtimiBy 
together. 

The kg. of 3.7^ ■■ 0.5761 109 
The leg. of 2053 » 0.3123889 . 
The l^. 4/^007693 —3 8860997 

Tbefroiua os.059511 2-77459S5 

5. Multiply .5, .49 and .i2»conttnoally togetbo'' 

Tbilog.of :5«-i— 1.698970P 
The log of 4=8—1 .6020600 
Tbelog,of .I2» — 1.0791812 

TiefroduM ss.024o.»— 2.38021 12 
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DIVISION BY LOGARITHMS. 

From the logarithm of the dividend fobtraft the loga*. 
rithm of the divifor» and the number agreeing to the re-* 
mainder will be the quotient required. 

But obferve to change the index of the divifor from ne- 
gative to affirmative^ or from affirmative to negative* 
and then the difference of the affirmative indices muft be 
taken for the index to the logarithm of the quotient. 

And, alfoy when an unit is borrowed, in the left hand 
place of the decimal part of the l'>garithm» add it to the 
index of the divifor ; but if it be negative, fixbtraA it : 
and let the index arifiag from tfao^e be changed and 
worked with as before. 



EXAMPLES* 

i« Let the number ^6 be divided by the number 4« 
The hg.sf 56 =» 1. 748 1 880 
^be kg» rf 4 SDB 0.6020600 

Thequotipft ■■ 14. •• . 1.1461280 

a* Let the wauber 50^75 be divided by the number .2S» 

TbeUg.rf 50.75 a* 1.7054360 

The iog. rf .2jf «• as — 1.3979400 

Tie quotient w 203 % a.3074960 

S 
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3. Let the nomber .24, be diVided by the number 80. 
The hg. of .24 = —1.3802112 

Tie kg. 0/ 80= 1.9030900 



■■ ■ > t 1 



Tic fn^Unt .003 •... —3.4771212 
4. Let the number x>i2d5 be divided bj the number 

7btl9g.9fjQ\%6$ «B-»2*io20905 
The l^. of ...35 3^^l.7403627 

The quoiunt aa,o93..«w^i.}6i7278 



INVOLUTION BY LOOARTTHMS. 

1. Seek Aetogsridmft of the given stmbtr in the ta* 
ble. ) 

2. Mttltiplf the logarithm, thus fbund, bjrthe mdez 
of the propofed power. 

3. Find the number correfponding to the produd, and 
it will be the power required. 

Nate. In multiplying a kgaxitlim with a negative in- 
dex, by any affirmative number, the produA will always 
bent^itive: 

But what \% to be earned from the dethmilpart of the 
logarithm wilt always be affirmative s 

And therefore their difference will be the inde< of th^ 
product ; and is conftantly to be made of tho^ feme kind 
with the greater, 

t » 

• The ripb-oC prop a tt it n is performed by adding the logaritfamft 
of the two )a(k Ui«M». nuA fubtra^iftg th« Ipgff^iitok^f ^^r«rfi. 



I 
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BXAMPLK8. 



1. Required the feeond power of the number 3«B74« 
Tie log. 9f 3*B74 s o 5881596 



TiefnuiT'sz 15.01 ••«• 1.1763192 

;r. Rtqutred the third power of the mimber 2.768.. 

Tbelog.of 2.768 CO.4421661 
7he index =5 3 

Tiefc*werz: 21.21 ••• .1.3264983 

3. Required the third power of the number .7916. . 

Tie kg* 0/ .7916=5*— X. 8985058 
Tie index = 3 

Tie po*wersz 496 1 . . .—1 .6955 1 74 

4. Required the twelfth power of the number x«539« 

Tielcg. of 1-539 a«o,i872386 
Tie index zz I2 



Tie power c: 1 76.6 . . •. 2.2468632 

5. Required the 20lh power of 1.05. 

^nf. 2.6533, l^c. 

6. Required the xootb power of 1.05. 

iW. 13^.509 £5fr. 
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EVOLUTION BT LOGARITHMS. 



s. Seek tlie logarithm of tlie given number in the 
table. 

2. Divide the logarithm, thus fonnd» bj the deno- 
minator of the index of the root propofed. 

3. Find the number correfponding to this quotient, 
and it will be .the root required. 

Note When the index of the logarithro, to be dU 
videdy is negative, and does not cxsl&Ij contain the di- 
vifor, increaie it by fuch a number as will make it ex- 
actly divifible, and carry the units borrowed, as fo gna« 
ny. tens, to the left hand place of the decimal, and then 
divide as in^hole numbers. 



* 



EXAMPLES. 

I. Required thefquare root of the number 225. 
The log. of 2258=2.3521825 

Therefore 2)2.3521825 

Vt I ■! I I I II — ^— 

The rod =a 15 . . . 1.1760912 

* 2. Required the fquare root of the niimber 1501 . 
The log. of 1501 8=3.1763807 

Therefore 2)3.1763807 

TAf roo/ ss 38.74 .... 1.5S&1903 



MISCELLANEOUS QpESTI(»fS. mi 

3« What 18 the cobe root of the nnmber .166375 • 
Thfi kg. of .166375=— J. Z210881 
Tkrtfore 3>^i.22io88i 

— — i— ^ 

The root sa.55 — 1.74035»7 

4« Wliat is the fquare root of the namber .08162 ? 

Tie hg, of .08 1 6a ^b-— a .9 1 1 7966 
T^r^/br^ 2)— 2.91 17966 

*» ■ ■—.—■— 

The root sBa.2857 • . • . —1.4558983 

5. What IS the twelfth root the number 176.6 i 
The hg. of 176.6=82.2469907 
Therefore 12)2.2469907 



i** 



Th*ro»t aii.539. ... 1872492 



MISCELLANEOUS QUESTIONS. 

J. A perfon being aiked what o'clock it waSf aa- 
fwered» that it was between 8 and 9, and that the hoar 
9nd minute hands were exa^lj together ; what was the 
time? ^* / #r 

Ane. 8 : 43 : 38 A. 

2. Diride the number 50 into two (bch parts^ that 
^ of one part, added to ^.ot the other maf make 40^ 

Ans. 2Q an4 30. 

3. What two Bumbers are thofe, whofe di£Ference is 
12, and tbeix fquares equal to each other i 

Anu +6 and — 6. 

4. Tbtr« i« A certain nvmbar, confining of two places 
which is e^al to the difference of the fquares of its di- 
gits ; and tt 56 be added to it, tba digita will be invert" 
•d } quasrc the number \ Am* 48. 

S a 



801 MISCELLANEOUS QVESTIOIIS, 

5/Giveii Jt'+j^asjif and jp^+^'"*7 » ^o fi*d ^' 

andjp. d<#if/« :i?ss3 and y^^z^ 

6. Given y^-^^xyMM^^^ and x3-^xjfs4o6; Co find 

jr andjp. »df«j. xssy, and y^^ 

7* Given the fum of three numbers, in barmonical 

proporttony ss26» and their continued produ^ =57^ » 

to find the numbers. * /fn/. 1 2, - S» <»m/ 6. 

8. What two numbers are thofe^ whole difierence, 
fumy and produd, are to each other as the nambers i^ 
3, and 59 refpe^tively i Am. 2 and 10. 

9. * To find that number whofe cube b^ng fab- 
trafted From its Iquare, (hall leave the greateft remainder 
podible? Ans, f. 

10. It is required to find the leaft 3 whole numbers, 
fo that \ of the firft, -^ of the fecond^ and ^v of the 
third I fliall be all equal to each other. 

Ans. 2S0, 294 and 300* 

11. Given zx^'{'X%^ox^^OJ and x*-f£^ss64i 1 to 
find X and %, Ans. ^tan^, and %ssz, 

12. Given the fom of three numbers in continued 
geometrical progreifion =839, and the fum of their fquares 
»i8i9; to find the numbers. Jns. 3, 9, Z7. 

13. Required the leall number of weights, and the 
weight of each, that will weigh from one pound to 29 
hundred weight. 

Ana, I, 3, 9, 27, 81, 243, 'Jig, and 2187. 

14. Required two numbers fuch, that their fum (hill 
be equ^l both to their produ<5t and the difierence of 
their fqo ares. Ans. 2.618034 aiye/ 1.6 18034* 

15. It U required to find the leall 4 affii motive inte- 
gers fuch, that the fqua^e of the greateti may be equal 
to the ium pf the fquares of the other three.. 

A71S. 3, 4, 12, and 13. 



> This is properly a queftion in fluxions, but it is anfwered alge- 
"braically by Mr« EmerfoD, as well as icveral odiers of the fame 
asturci * . . 



MISCELLANEOUS Qy£STION& 103. 

^« If monef^be lent, at tli»e per cent) 
Tothofe who diooic to borrow^ 
In what time (hall I be worth a pound. 
If I lend a crown to morrow ? 

Ans, 46.9003 6 jpf^irj allowing comp, int. 

I7«^ Required the two leaft nonqaadrate numbers, x 
and jr» fucb, that 0?*+^ ^ndx^-^y^ (hall be both fquare 
numbers. Am. 0:30=3641 cmdys^zj^. 

18. There arc three numbers in geometrical propor* 
tion fucby thaty if the mean be (ubtraded from the fum 
of the two extreniesi the remainder moltiplied by the fum 
of the faid two extremes will be 9^ ; but if that remain- 
der be multiplied by the fum of all the three numbers, 
the produd will be 133 ; it is required to find the three 
nnmbers'bj a fimple equation. Aw. 4* 6, and 9. 

19^ To determine two numbers whofe fum ihali be a 
cube, but their product and quotients (quare». 

Atit. 4 and 149 100 and 25, 900 and lOO* 

20. Required that arithmetical progreffion whofe 
number of terms is io» fum of the terms 185, and the 
fum of the cubes of the terms 104525. 

Am, 5, S, II, 14, 17, 20, 23, 26, 29, 32. 

21. To divide a given number (n) into 4 fuch parts, 
ihnt it any other number (») he added to the firft part, 
deducted from the' fee nd, multiplied by the third, and 
the fourth part divided by it, the fum* difference, pro- 
dtt£k and quotient, ihuU be all equal to each other. 

22. Given x>4-jr"xp5 12500, and x^j^j^jcs^g^oo ; 
to find X and jr. Am, ^=25, anJ y^. 20, 

23. Given j:+.jr+a=5s6, xy+Jcx-^ytL ii» and jgF»aaB 
6 ; to find x^ y^ and %• Ans, x==-3, jrsii sad a»a. 



904 MISCSLLANEODS C^ISTIOMS. 

24. To find two imailicts in tlm r«tto el g ^ j^ 
which being rdpcdively divkltd bf 9 tnd 13* fludl 
leave 3 and 8 for remaindert. Aiu. tiomul 294. 

2$, To find three numbers fochi that} the'firfty-f the 
fiKond» and i of the third, (hall be s62 ; -f of the firft» 
t of the fecond, and f of the third SBS47 ; and ^ of the 
firfty f of the fecoodi and ^ of the third 3S3B. 

Ans. 24, 60 oJtrd I20« 

26. Af B» and Cy are to (hare 100,000 pounds between 
then), in the proportion of \i |, and f , refpedtvely ; 
but c's part being loft by death, it 1% icquired to dmde 
the whole fum properly between the other two. 

Jlns. K*tjhareis gTi^i\\y. oju/ bV 42857-,^^. 

27. To find four numbers, x, jr, s, and w, having Sbm 
produd of tvtri three given ; viz. xpt^mz^iy ocywstzj^zo^ 
jPstt;3si54o, and Jrs«;aBs66o. 

Ans* x=s3, jr-r7, jtmi, and *tosz20f 

28. To find four numbers in geometrical proportion, 
whofe fum i& 15, and the fum of their fquares 85. 

Jht. 1, 2, 4, 8. 

29. To find three numbers, x, ^, and k, when the 
produdt of each by the fum of \he other two are given ; 

Viz. #X(^+«)=4S| J'X(J^+«)=8:39t and «X(:r+;r) 
=63. ^n/. «=4, jr=3, and zay* 

30. What number U that, which, being any how dU 
vidcd, the rquare of one parr, when added to 'the other 
part, ihall always be afquare number i Am. 1 oniy. 

31. Given y^rxszizf, y+x^iS5* ^*^^ Jr'4y3+»* 

SSI133: tofindjr,j^, and «. 

Ans. xprio, jrssj, md^ 5b=:2, 

32. Given j:8+x;=io8, /+j^j6=69, and %^+jc%^ 
|8o ; to fitd Xf jff ahd %. 

Ans. arss9, ^^3. and satstO. 

33. To find two mean propi^lionalft between any two 
f^v ca nunbcra and b. . Am. 4/^/t itml V^« 
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34. Ghrea a?+^««=384, j+ac%^2$'j, and «+j?jpos 
192; to End JCf y, %, Atu^ x^sio^y^^iT^ and %^=s.2Z^ 

• 

35. To find the leaft number, whichy being divided 
by 69 5» 4, 3» and 2, (hall leave the remainder $;» 4» 3> 
2> and i> refpedively. ^n/. 59. 

36. To find three numbers fuch, that the fum or dif* 
jerenceof any two of them (haU be fquare numbers. 

Am. 1873432, 2399057, a/i£f 2288168. 
37* '^^ find two fquare numbers fuch, that their fum 
naay be a fquare, and their difference a cube, and the 
jBde of the faid fquare and cube equal to each other. 

>4fff ^»'4 „„J 44» 

38* To determine the number of fit teens that can be 
made out. of a common pack ot 52 cards. 

jins. 172644 

39. Given the rates a and h of two ingredientf<, and 

the rate c of the compound m, to find what portions x 

mndy of each muft be taken. to compofe the mixture. 

^ c — h ^ a — e 
Am, 9e:smx r> y=iwX l • 

a — i c— ^ 

40. Given x^+xy+y^^itcSy^ and x^+x^y^+y^^ 
4577395 5 to find X and^. - 

jins. XSSZ21 and y=iy. 

41. Given x-j-j?+z=s78, x*J^>y^+z^=z^^6f and 
xy-^xz — yzss^zj ; to find x, ^, and %. 

Ans. j^ 5=541,^3=28, and 2=9. 

42. Given a?+j>=ai52, and (x— ;r''"xC^— :y)^=8i92} 
to finder and jf. 

Anf* x==sio8, and y=:/^. 

43. To find three numbers fuch, that if to the fquare 
cf each the produ^ of the other two be added, the fums 
fiball be (quares. 

Ant, 73, 9, 328i 

44. Let the number of cards in a pack {f) be 
distributed into any number of heaps (n), by laying 
as many cards upon the bottom heap as are fufficient 
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to make up its ninnber q ; then, by having At nantber 
of cards remaining in the dealer's hand(r) and the nom- 
ber of heaps (n) given^ it is required to find the fum of 
all the bottom cards. 

45« To find 3 numbers fuchi that tf each be fubtraded 
from the cube of their foroi the remainder fbaU be 
cobes. AnM. i\VA, if4«, andWi\^ 



46. Given the cycle of the fnn 189 thegolcien wxahtt 
St.and the Roman indidSon 10 ; to find the year. 

jina. JjiJ* 

47. To find .3 cube numbers foch, that d^etr fam 
Ihali be both a fquate and a cube number : and if that 
Turn be fquared ic (hall be a cube, and if it be cubed it 
fhall be a fquare. ^ * « ^ « ^^5js 

8 27 2J6 

48. To find 3 number! fuch, that if each be added 
to the cube of their fum» their fums (hall be cubes. 

49. With guineas and moidores, the kwtfky which waft 
Three hundred and fifty -one pounds can I pay?* 
If paid every way 'twill admit of, what fum 

Do the pieces amount to ? — my fortune's to come. 
Ans, ^ guineas t' and 2 '^ I tiiiidvres ; and ^^ toayst 

itfhicb u SB 1 298 7/. 

50. Given Ar;'z»*=a»"''=sioo; to find the value of JP 

51. Given *2««^2i«M+i47Jc«r:3i6, to find the v»- 
kie of X, Awf^ »^t* J 



w 
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5a. Given 44000^3 •f.^m^; to fiQ^ j^ ^au^ % in whole 
numbers' ^^^ 

«4n«. apaB404&29Si2Sf78i«m/sa849i78ii42ooi< 

53. To find three whole numbers fucby that the ei* 
cefs of this greatcft abov« the middle number Ihall be ta 
the excels of .the middle number above the leaft, as 3 
to i; and alio that the fum of every two of theTe (hall 
befquares* uf/z/. 40x1362, 4»X402> and 4»xB2« 

^4. Given a7+j'=«C*)i and «' 4-/^=* (32), to find » 
andjf by quadraiics. 

jtl»% XaaI«4699I75 tfTZ^ JF8S.5302824. 

SS* Given a^^ss^^oOf and ^* = 300 ; to find x and^. 
« ^««. »^4(S9I4 oncfjr = 5.5102. 

56. Given jfyX(jf+»)^««3co, x«x(jr+«J*«i296, 
andjf»X(*+j')*»432 j to find *, jf, and z. 

57. Given w3+*+J'+**'57t «'+^+J'+«=*763, 

W+JC+Jr'+»a=sl350, and W+JC+J?+»32a-ij^ . iQ £jjjj 

^> J^> ** and w. 

^nx. ««il4» >*Bil9 z=^$,and wss^, 

58. Given «+jf=I75o, x« 4-^^^=227089 Kv+yzss 
122929 and x«v+vsysi59252 ; to tind.x> jr, jb> and v. 

^n*. a:sB:l743i jrsa7, z«b13, anj vaaB7. 

59. Given 5«+77+9«*=93256; to find all the dif- 
ferent folutions in affirmative integers which the equation 
will admit of. jins. i38oii48« 

60. To find a fquare number fuch, that the fum of all 
its aliquot parts (hall be a iquare number. Ana. 2401. 

61. To find two fquare ndmbers fucb, that either of 
them, when added to its aliquot parts« (hall make the 
fame fum. Am. 106276 m(/ 165649. 
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62. To find 4 whole iiui|||M|ircich9 tfaa^ the difference 
of every two (hall be afrqA^Morober. 

^n«. 1873432, 2288168, 2399057, end 6560657. 

65. To find three numbers fuch, that if their fom be 
nahiplied by the firft, it (hall be a triangular nomjbery 
by the fecond a fquare, and by the third a cobe. 

64. To find three biquadrate nnmbers, the fum of 
which will be a fquare. yfnj, I2^> 15^, an^i 20^. 

65* To find a right-angled triangle fach that its pe. 
rinaecer (hall be a cobe» and the perimeter together with 
the area a iquare. 

Am. Perp. «:\V^^ hse -^AVr% i^Jp- -V:^- 

66, To find two different ifoTceles triangles fach» that 
their areas and perimeteis (hall be both equal. 

Am* Sides of the one ^3299 29^ 40. 
Ditto of tie other 3B37, 37^ 24. 
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